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ABSTRACT 
Flutter instability is of major concern for the design of flexible structures like long 
span bridges and airplane wings. Flutter analysis of structures is usually done in frequency 
domain. Alternately, time-domain methods have been suggested. Both approaches require the 
identification of aeroelastic parameters (e.g., flutter derivatives in frequency domain and 
Rational function coefficients or Indicial functions in time domain). For frequency-domain 
flutter analysis, flutter derivatives are used that can be identified from section model testing 
in the wind tunnel. In time-domain analysis, the frequency-dependent aerodynamic self-
excited forces expressed in flutter derivatives acting on the structure can be approximated in 
the Laplace domain by Rational functions. 
The art of efficient extraction of these aeroelastic parameters requires an elastic 
suspension system to capture coupled displacement and aerodynamic force time histories 
from wind tunnel testing of section models. A novel three-degree-of-freedom (DOF) 
suspension system has been developed for the wind-tunnel section model study of wind-
excited vibrations of flexible structures. This system enables simultaneous vertical, 
horizontal, and torsional motion of the suspended model and captures the effect of coupling 
between different DOF of a structure immersed in a dynamic flow field. 
The extraction of flutter derivatives becomes more challenging when the number of 
DOF of section model increases from two to three. Since the work in the field of identifying 
all eighteen flutter derivatives has been limited, it has motivated the development of a new 
system identification method (Iterative least squares method or ILS method) to efficiently 
extract the flutter derivatives using a section model suspended by the three-DOF elastic 
suspension system. All eighteen flutter derivatives for a streamlined bridge deck and an 
airfoil section model were identified by using ILS approach. Flutter derivatives related to the 
lateral DOF were emphasized. Pseudo-steady theory for predicting some of the flutter 
derivatives was verified by comparing with experimental data. 
For time-domain flutter analysis, Rational function approximation (RFA) approach 
involves approximation of the experimentally obtained flutter derivatives through 'multilevel 
linear and nonlinear optimization' procedure. This motivated the formulation of a system 
identification technique (Experimental extraction of Rational function coefficients or 
E2RFC) to directly extract the Rational function coefficients from wind tunnel testing, thus 
eliminating the need of using flutter derivatives for their extraction. The current formulation 
requires testing of the model at fewer numbers of velocities than in the flutter-derivative 
formulation leading to significant reduction in time and resources associated with extraction 
of flutter derivatives and eventual Rational function approximation. Successful numerical 
simulation using E2RFC formulation with two lag terms was performed proving the 
robustness of the technique. Experimental extraction of Rational function coefficients 
associated with one lag term formulation was made for a streamlined bridge deck section 
model. It was shown that one lag term formulation for RFA works well for the streamlined 
section. 
The accomplishment for the current research work can be categorized under three 
major areas as follows: 
• Development of a novel three-DOF suspension system for the wind-tunnel 
section model study of wind-excited vibrations of flexible structures. 
viii 
• Development and application of a system identification method (Iterative least 
squares method or ILS method) to efficiently extract all the eighteen flutter 
derivatives (needed for a complete frequency-domain flutter analysis) of a 
section model suspended by the three-DOF elastic suspension system. 
• Development and application of a system identification technique 
(Experimental extraction of Rational function coefficients or E2RFC) to 
directly extract the Rational function coefficients (needed for time-domain 
flutter analysis) for a two-DOF section model from wind tunnel testing. 
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CHAPTER 1. GENERAL INTRODUCTION 
WIND EFFECTS ON STRUCTURES AND WIND TUNNEL TESTING 
Wind loads are induced on a structure because of a complex interaction between wind 
and structure. The interaction of wind flow with structures can be classified under 
aerodynamic and aeroelastic effects (Scanlan 1981, Simiu and Scanlan 1996). The 
aerodynamic effect refers to the fluctuating nature of the wind and its interaction with the 
structure. Aerodynamic effect can sometimes cause aerodynamic instability such as when 
alternate vortices are shed (vortex shedding phenomenon) from a body of given cross-section 
(Simiu and Scanlan 1996). The discipline of aeroelasticity refers to the phenomenon wherein 
aerodynamic forces and structural motions interact significantly. Aeroelastic instability 
occurs if the body that is immersed in the fluid flow deflects under some force and the initial 
deflection causes succeeding deflections that are divergent in character. Aeroelastic 
instabilities involve aerodynamic forces that are generated due to the motion of the structure. 
These forces that act upon a body as a consequence of its motion and cause aeroelastic 
instability are termed as self-excited forces. Major wind-induced dynamic effects 
(aerodynamic and aeroelastic effects) can be classified as follows: 
• Vortex-Induced Excitation 
• Across-Wind Galloping 
• Rain-Wind Induced Cable Vibration 
• Torsional Divergence 
• Flutter Instability 
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• Buffeting 
Wind-induced dynamic effects play a major role in the design of flexible structures 
such as airplane wings, suspended-span bridges, stay cables (on cable-stayed bridges), 
slender towers, stacks, tall buildings, cable roofs, piping systems, and power lines. Analytical 
and numerical simulations of the aerodynamic forces on oscillating bodies are 
computationally challenging due to the complexity of the fluid-structure interaction. Thus, an 
experimental setup is highly advantageous to capture the intricacies of a complex flow 
around a vibrating body. A geometrically-scaled model is used inside a wind tunnel subjected 
to a scaled atmospheric-flow phenomenon for this purpose. 
The three major types of wind tunnel tests, commonly used in a wind tunnel to obtain 
information on the aeroelastic behavior of models subjected to wind-induced vibration, are 
given as: 
• Test on models of the full structure 
• Test on taut-strip models 
• Test on section models. 
A section model is an appropriately scaled and detailed geometrical model of a 
typical two-dimensional section of a body and is commonly used to determine the aeroelastic 
response characteristics of a prototype body with a particular cross-sectional shape. Wind 
loads and the resulting dynamic responses are measured for section models and these 
measurements are then analytically extended to predict the response of the prototype 
structure. 
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ELASTIC SUSPENSION SYSTEM FOR SECTION MODEL TESTING 
A three-degree-of-freedom (DOF) elastic suspension system is needed for the wind-
tunnel section model study of wind-excited vibrations of flexible structures. The system has 
to generate simultaneous vertical, horizontal, and torsional motion of the suspended model 
and capture the effect of coupling between different DOF of a structure immersed in a 
dynamic flow field. The suspension system needs to be versatile to generate different DOF 
combinations necessary for different experiments. Vibration frequencies of the system are to 
be adjustable to satisfy particular criteria for an experiment. System damping should be low 
so as to facilitate the recording of useful displacement time histories from free-vibration 
testing. Relatively large displacements may be required to be generated by the suspension 
system. 
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LITERATURE REVIEW OF FLUTTER ANALYSIS AND MOTIVATION FOR 
CURRENT RESEARCH 
Flutter Phenomenon of Flexible Structure 
Flutter is an aeroelastic self-excited oscillation of a structural system. Since the 
flutter-induced failure of the Tacoma Narrows Bridge in 1940, understanding of the physical 
mechanisms at work in Civil Engineering structures has advanced tremendously. Flutter is an 
aeroelastic self-excited oscillation of a structural system. The structural system by means of 
its deflections and their time derivatives taps off energy from the wind flow across the body. 
If the system is given an initial deflection, its motion will either decay or diverge according 
to whether the energy of motion extracted from the flow is less than or exceeds the energy 
dissipated by the system through mechanical damping. The theoretical dividing line between 
the decaying and divergence (i.e. sustained sinusoidal oscillation) is identified as the critical 
flutter condition. 
Flutter phenomenon can be broadly classified into two categories, namely, single-
degree-of-freedom flutter or damping driven flutter (e.g., torsional flutter of bluff bodies like 
bluff-sectioned bridges) and coupled-flutter or stiffness driven flutter (e.g., multi-mode 
flutter of structures like airplane wings and streamlined bridges). Flutter analysis of a 
structure can be performed either in frequency domain or in time domain. Frequency domain 
solution can be conducted by mode-by-mode approach that ignores the aerodynamic 
coupling between modes. A more accurate coupled multi-modal analysis can be done which 
considers the aerodynamic coupling through flutter derivatives and mechanical coupling 
through cross modal integrals among modes. The frequency domain analysis requires 
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iterative search for the critical wind speed. Time domain state-space formulation facilitates 
the multimode flutter analysis without iterative calculations. The time domain formulation 
can be extended to solve aerodynamic problems with non-linearities and to design vibration 
control systems to suppress flutter that are more efficient. 
The current research work relates to the development of system identification 
techniques that work efficiently to extract both frequency domain and time domain 
aeroelastic parameters from wind tunnel testing. These parameters are necessary for the 
accurate prediction of flutter speed for a flexible structure subjected to unsteady aeroelastic 
forces. 
Frequency-Domain Flutter Analysis and Motivation for Current Research 
The frequency-domain flutter analysis approach has been widely used for estimating 
flutter speed of structures. The frequency-domain analysis using flutter derivative 
formulation for the aeroelastic forces was researched extensively by Scanlan and Sabzevari 
(1969), Scanlan and Tomko (1971), Scanlan and Gade (1977), Scanlan (1978), Scanlan 
(1981), Scanlan (1984), Huston, Bosch, and Scanlan (1988), Kumarasena, Scanlan, and 
Morris (1989), Scanlan and Jones (1990), Matsumoto et al. (1993), Sarkar, Jones, and 
Scanlan (1994), Jones et al. (1995), Matsumoto et al. (1997), Scanlan (1997), Gu, Zhang, 
and Xiang (2000), Zhu et al. (2002) and numerous others. Mode-by-mode flutter analysis 
was done by Scanlan and Jones (1990). Coupled multi-modal flutter analysis was carried out 
by Jain, Jones, and Scanlan (1996), D'Asdia and Sepe (1998), Jain, Jones, and Scanlan 
(1998), Jones et al. (1998), Katsuchi, Jones, and Scanlan (1998 and 1999), Ge and Tanaka 
(2000), Jones and Scanlan (2001). 
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The frequency-domain method uses flutter derivatives which are functions of reduced 
frequency. These aeroelatic parameters can be experimentally obtained from wind-tunnel 
testing of section models. Extraction of flutter derivatives can be done through forced 
vibration technique or free vibration technique, however, free vibration technique is 
comparatively simple because it only requires initial displacement conditions. Sarkar (1992) 
developed the modified Ibrahim time domain (MITD) method to extract all the direct and 
cross flutter derivatives from the coupled free vibration data of a two-DOF section model. 
Sarkar, Jones, and Scanlan (1992 and 1994) were successful in identifying eight flutter 
derivatives simultaneously from noisy displacement time histories generated under laminar 
and turbulent flow. Jakobsen and Hjorth-Hansen (1995) and Brownjohn and Jakobsen (2001) 
used covariance block Hankel matrix (CBHM) method for parameter extraction of a two-
DOF system. The CBHM method was also been extended to cater for three-DOF flutter 
derivatives, however the principles were illustrated for a two-DOF system and eight flutter 
derivatives were experimentally extracted. Gu, Zhang, and Xiang (2000) and Zhu et al. 
(2002) have used an identification method based on unifying least squares (ULS) theory to 
extract flutter derivatives of a two-DOF model. Though the ULS method could theoretically 
identify all the eighteen flutter derivatives using a three-DOF section model, only eight 
flutter derivatives were extracted due to lack of a more inclusive experimental setup to 
accommodate the three-DOF section model. 
Singh et al. (1995) were the first researchers to attempt identification of all the 
eighteen flutter derivatives of a streamlined bridge deck. They extended the MITD method 
developed by Sarkar (1992). The trend of some of the indirect flutter derivatives associated 
with the lateral DOF were difficult to predict due to the scatter in the data presented in the 
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plots; but for other flutter derivatives specific trends were evident from the plots (Singh et al. 
1995). Chen, He, and Xiang (2002) used general least-squares theory for identifying eighteen 
flutter derivatives of bridge sections. The trends of experimental results were compared to 
results from computational fluid dynamics (CFD) methods. For the lateral flutter derivatives, 
the experimental results were consistent with the CFD results at lower reduced velocities. At 
higher velocities, the results of most lateral derivatives were different between both 
approaches. 
The work in the field of identifying all the eighteen flutter derivatives for section 
models is limited and needed further investigation. This motivated the development of an 
effective system identification technique to extract all the eighteen flutter derivatives that are 
required for the complete frequency-domain flutter analysis. The system identification 
technique is required to perform accurate parameter extraction for high noise-to-signal ratio. 
In the current research, a new system identification method has been developed for 
efficiently extracting all the eighteen flutter derivatives for section models. 
Time-Domain Flutter Analysis and Motivation for Current Research 
For frequency domain flutter analysis technique, the resulting equations of motion 
involve reduced frequency dependent coefficients. Thus, the analysis requires iterative search 
for the critical flutter wind speed. Moreover, material and geometric nonlinearities in the 
structural system cannot be incorporated into the frequency domain flutter analysis. Also, 
the design of vibration suppression systems is hindered due to the reduced frequency 
dependence. Time domain flutter analysis, that uses a frequency independent state-space 
equation to represent the equations of motion, is gaining popularity in recent times because: 
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• flutter analysis does not require iterative calculations while solving the complex 
eigenvalue problem to determine the frequencies, damping ratios, and mode shapes at 
different velocities, 
• structural and aerodynamic nonlinearities can be incorporated in the analysis, 
• the time domain formulation can be used to design vibration control systems for 
suppressing flutter phenomenon that are more efficient. 
In time-domain modeling, the frequency dependent aerodynamic self excited forces 
acting on the structure can be approximated in the Laplace domain by Rational functions. 
The time-domain flutter analysis through Rational function approximation (RFA) of the 
flutter derivatives was done in the aeronautical field by Roger (1977), Karpel (1982), Tiffany 
and Adams (1988). RFA formulation was used extensively in flutter prediction of bridges by 
Fujino et al. (1995), Wilde, Fujino, and Masukawa (1996), Wilde and Fujino (1998), 
Boonyapinyo, Miyata, and Yamada (1999), Wilde, Fujino, and Kawakami (1999), Chen, 
Matsumoto, and Kareem (2000), Omenzetter, Wilde, and Fujino (2000), Kwon and Chang 
(2000), Chen, Kareem, and Matsumoto (2001), Chen and Kareem (2001), Phongkumsing, 
Wilde, and Fujino (2001). 
Rational function approximation (RFA) approach is a frequency independent 
formulation of unsteady aerodynamic forces that involves approximation of the 
experimentally obtained flutter derivatives. Only after identifying the flutter derivatives, by 
performing experiments at several wind speeds, RFA can be used for approximating the 
unsteady self-excited forces. Thus, it is an indirect approach. This motivated the development 
of a more direct method for extracting the Rational function coefficients from wind tunnel 
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measurements of aeroelastic forces and displacements, where the major advantages are listed 
below: 
• Lower margin of error in the estimation of the unsteady aerodynamic forces and 
flutter speed using the Rational functions approach where its coefficients are directly 
extracted as compared to use of these coefficients that are extracted indirectly from 
the flutter derivatives. 
• The mathematically complex RFA through 'multilevel linear and nonlinear 
optimization' using flutter derivatives data would be avoided. 
• The proposed method for extraction of Rational function coefficients eliminates the 
need of testing the model through a wide range of wind speeds. Testing the model at 
fewer wind speeds may lead to significant reduction in time and resources that are 
associated with the extraction of flutter derivatives and eventual use of RFA. 
• If required, flutter derivatives for the whole range of reduced frequencies can be 
obtained for relatively streamlined bodies from Rational function coefficients, thus 
avoiding the traditional procedure of obtaining flutter derivatives from wind tunnel 
testing at several wind speeds. 
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THESIS ORGANIZATION 
The current dissertation is written in the format of 'Thesis Containing Journal 
Papers'. The dissertation includes four manuscripts out of which two are accepted, one is 
submitted and under review, and one is to be submitted to a scholarly journal. In addition, a 
general introduction chapter appears at the beginning and a general conclusion chapter 
appears at the end of the dissertation. 
The first paper, accepted by the Journal of Wind Engineering and Industrial 
Aerodynamics, appears as the second chapter of this dissertation. This paper describes a 
novel three-degree-of-freedom (DOF) suspension system that has been developed for the 
wind-tunnel section model study. This system enables simultaneous vertical, horizontal, and 
torsional motion of the suspended model and captures the effect of coupling between 
different DOF of a structure subjected to wind loading. Results from two experiments on 
aeroelastic studies are presented to demonstrate the functioning of the suspension system. 
The second experiment, which involved all three-DOF of a section model, was carried out 
during the current research at Iowa State University. This experiment successfully extracted 
all the eighteen flutter derivatives of an airfoil section model, of which selected derivatives 
are presented in the paper to demonstrate the efficiency of the three-DOF elastic suspension 
system built during the current research. 
The second paper, accepted by Engineering Structures, The Journal of earthquake, 
wind and ocean engineering, appears as the third chapter of this dissertation. This paper 
focuses on experimental extraction of flutter derivatives (frequency-domain aeroelastic 
parameters) needed for frequency-domain flutter analysis of flexible structures. The paper 
illustrates the development of a new system identification method (Iterative least squares 
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method or ILS method) to efficiently extract all the eighteen flutter derivatives. The system 
identification method involves digital filtering of noisy displacement time histories and 
approximation of their higher derivatives using finite difference formulation. The current 
formulation has the following advantages- (i) a single computer program is capable of 
extracting flutter derivatives for various DOF combination cases (e.g., 1-DOF, 2-DOF, and 
3-DOF cases), (ii) effective stiffness and damping matrices are directly obtained from 
acquired free-vibration displacement time histories and numerically generated velocity and 
acceleration time histories using digital filtering and finite differencing (thus avoiding 
extraction of eigenvalues and eigenvectors), and (iii) accurate parameter identification can be 
performed, as has been validated numerically and experimentally, where different DOF 
combinations were used. Numerical simulations demonstrated the efficiency of the ILS 
method. All the eighteen flutter derivatives for an airfoil section model were extracted using 
ILS method to demonstrate the extraction technique. The accuracy of a particular flutter 
derivative was determined by matching the results obtained from all possible DOF 
combinations. 
The third paper, submitted to Wind and Structures, An International Journal, appears 
as the fourth chapter of this dissertation. This paper, currently under review, illustrates the 
extraction of all eighteen flutter derivatives for a streamlined bridge deck by using the ILS 
approach and compares them with those of an airfoil section model mentioned in the second 
paper. Furthermore, flutter derivatives of the current bridge and another streamlined bridge 
(Tsurumi cable-stayed bridge in Japan), are compared. Pseudo-steady theory that has been 
used for predicting some of the flutter derivatives in the past is verified. A comprehensive list 
of pseudo-steady formulation of flutter derivatives is presented after deriving the same 
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independently and verifying with the ones which are mentioned in the literature. Flutter 
derivatives related to the lateral DOF have been emphasized. 
The fourth paper, to be submitted to Engineering Structures, The Journal of 
earthquake, wind and ocean engineering, appears as the fifth chapter of the dissertation. This 
paper focuses on direct experimental extraction of Rational function coefficients (time-
domain aeroelastic parameters) needed for time-domain flutter analysis of flexible structures. 
The paper illustrates the development of a new system identification method (Experimental 
extraction of Rational function coefficients or E2RFC) for directly extracting the Rational 
function coefficients from wind tunnel testing. The method has been described in details for 
different number of lag-terms cases. Numerical simulation results are presented to 
demonstrate the effectiveness and robustness of the method. Experimental setup used for 
Rational function coefficients extraction has been described. Finally, experimentally obtained 
Rational function coefficients are presented for the same streamlined bridge deck section for 
which flutter derivatives were extracted and presented in the third paper. 
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CHAPTER 2. A NOVEL ELASTIC SUSPENSION SYSTEM FOR WIND 
TUNNEL SECTION MODEL STUDIES 
A paper accepted by The Journal of Wind Engineering and Industrial 
Aerodynamics 
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Abstract: 
A novel three-degree-of-freedom (DOF) suspension system has been developed for 
the wind-tunnel section model study of wind-excited vibrations of flexible structures. This 
system enables simultaneous vertical, horizontal, and torsional motion of the suspended 
model and captures the effect of coupling between different degree-of-freedom of a structure 
immersed in a dynamic flow field. It utilizes pneumatic bushings that glide along polished 
steel shafts in the vertical and horizontal directions of motion. Torsional assemblies are used 
to generate torsional motion of the model. Force measurement is accomplished with compact 
strain-gage type force transducers that allow precise placement for accurate measurements. 
Static measurements are also possible by restraining the desired degree-of-freedom. 
Vibration frequencies of the system are tuned with combinations of springs. System damping 
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is low due to the low-friction pneumatic bushings, restriction of coil spring wire to small 
diameters, and highly polished stainless steel guide shafts. Relatively large displacements can 
be generated by the suspension system, if required. Results from two experiments on 
aeroelastic studies are presented to demonstrate the functioning of the suspension system. 
The effect of including the lateral motion on the coupled-mode response is illustrated. 
Keywords: Aeroelastic phenomenon; Wind tunnel section model tests; Elastic suspension 
system. 
1. Introduction and Background 
Wind loads are induced on a structure as a result of a complex interaction between 
wind and structure. These loads are quite capable of producing large amplitude motions of 
the flexible structure that may be catastrophic. The interaction of wind flow with structures 
can be classified under aerodynamic and aeroelastic effects [1,2]. The aerodynamic effect 
refers to the fluctuating nature of the wind and its interaction with the structure, such as 
buffeting which is defined as the unsteady loading on a structure due to velocity fluctuations 
in the oncoming flow. Aerodynamic effect can sometimes cause aerodynamic instability such 
as when alternate vortices are shed (vortex shedding phenomenon) from a body of given 
cross-section [2]. The discipline of aeroelasticity refers to the study of phenomenon wherein 
aerodynamic forces and structural motions interact significantly. Aeroelastic instability 
occurs if the body that is immersed in the fluid flow deflects under some force and the initial 
deflection causes succeeding deflections that are divergent in character. Aeroelastic 
instabilities involve aerodynamic forces that are generated due to the motion of the structure. 
These forces that act upon a body as a consequence of its motion and cause aeroelastic 
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instability are termed as self-excited forces. Sometimes aerodynamic instability like vortex 
shedding may cause structural deflection which can initiate an aeroelastic phenomenon as a 
result of the initial deflection. Major wind-induced dynamic effects (aerodynamic and 
aeroelastic effects) can be classified as follows: 
• Vortex-Induced Excitation 
• Across-Wind Galloping 
• Rain-Wind Induced Cable Vibration 
• Torsional Divergence 
• Flutter Instability 
• Buffeting 
Wind-induced dynamic effects play a major role in the design of flexible structures 
such as airplane wings, suspended-span bridges, stay cables (on cable-stayed bridges), 
slender towers, stacks, tall buildings, cable roofs, piping systems, and power lines. Analytical 
and numerical simulations of the aerodynamic forces on oscillating bodies are 
computationally challenging due to the complexity of the fluid-structure interaction. Thus, an 
experimental setup is highly advantageous to capture the intricacies of a complex flow 
around a vibrating body. A geometrically-scaled model is used inside a wind tunnel subjected 
to a scaled atmospheric-flow phenomenon for this purpose. 
There are three major types of wind tunnel tests that are commonly used in a wind 
tunnel to obtain information on the aeroelastic behavior of models subjected to wind induced 
vibration: 
Test on models of the full structure 
Test on taut-strip models 
Test on section models. 
Section model testing was first used by Scanlan and Tomko [3] to identify flutter 
derivatives of bridge decks while taut-strip model was first introduced by Davenport, 
Isyumov, and Miyata [4], Comparison of taut-strip and section-model based approaches was 
done by Scanlan, Jones, and Lorendeaux [5], The works that are presented here use section 
models so a brief overview of section model testing follows. 
A section model is an appropriately scaled and detailed geometrical model of a 
typical two-dimensional section of a body. A section model consists of a representative span-
wise section of the prototype that is constructed to scale and spring supported at the ends to 
allow rigid motions along vertical, torsional, and lateral directions. Section modeling is 
commonly used to determine the aeroelastic response characteristics of a prototype body with 
a particular cross- sectional shape. It is a useful tool in the initial design phase of the 
prototype to determine its viable aerodynamic cross-sectional shape. Examples of prototypes 
that may be studied with section models include airplane wings, bridge decks, or other bodies 
whose length is large enough to make full-scale model testing difficult in relatively small 
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wind tunnels. Section modeling often provides fundamental aerodynamic data that is used as 
a basis for comprehensive analytical studies. 
Section models are usually tested in a cross flow and use end plates to reduce 
aerodynamic end effects. End plates essentially ensure two-dimensional flow over the ends 
of the section model. Wind loads and the resulting dynamic responses are measured for these 
models. These measurements are then analytically extended to predict the response of the 
prototype structure. 
Section model suspension systems that were commonly used for either vertical-only 
motion or vertical-torsional motions employed leaf springs or piano wires as a means of 
restraining the motion of the model in its along-wind direction. Leaf springs are typically 
fixed at one end and attached to the moving model at the other end, so the actual motion of 
the test model forms a circular arc. This motion along a circular arc may be ignored for very 
small displacements, but when large motions are possible, the leaf springs may excessively 
limit the system response and produce errant results. The piano wires were commonly used 
in the initial stages of section-model testing but are usually difficult to work with. When 
motion in the lateral direction was considered, a new design of the suspension system had to 
be conceived rather than making evolutionary changes to the two-degree-of-freedom system 
with leaf springs. Thus, the new concept as described in the current paper, uses pneumatic 
bushing and shaft assembly that is capable of supporting shear forces exerted on the model 
(normal to the shaft) while allowing the model to vibrate in the direction of the shaft axis. 
Pneumatic bushing and shaft assembly also facilitates the model to undergo large vibrations 
which would not have been possible with the use of leaf springs as explained above. 
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The design for developing a three degree-of-freedom elastic suspension system that is 
capable of generating simultaneous vertical, torsional, and horizontal motions for studies 
involving bridge aeroelasticity was originally conceived by Sarkar, Jones, and Scanlan [6,7]. 
It was later pursued by Singh et. al [8]. The three-DOF elastic suspension system presented 
here is based on a new design concept that has not been tried earlier. Sarkar et. al [9] first 
reported the use of this elastic suspension system for the study of the elliptical vibration 
pattern of stay cables. Either one or two-DOF feature of this system was used to study the 
effect of the lateral vibration on the vertical motion and vice versa in a stay cable. The 
torsional degree of freedom was not incorporated into this system because it was considered 
unimportant for the stay-cable vibration study. The system was, however, adaptable to the 
addition of the torsional degree-of- freedom. 
With the development of both suspension and cable-stayed bridges with longer and 
longer spans, the importance of the lateral or horizontal degree of freedom on the coupled 
aeroelastic effects and its role in flutter-speed prediction have been emphasized (Katsuchi et. 
al [10]). The frequency-domain approach has been widely used for estimating flutter speed of 
structures [3], This approach uses flutter derivatives that may be experimentally obtained 
from wind tunnel testing of section models. All eighteen flutter derivatives need to be known 
for accurately predicting the flutter speed where lateral motions might play an important role. 
Therefore, a versatile three-DOF elastic suspension system was needed for efficiently 
extracting all the eighteen flutter derivatives. To facilitate the angular motion, a torsional 
assembly was added at each end of the elastic system that was used for the stay-cable study 
described earlier. 
This elastic suspension system is highly capable of capturing coupled displacement 
time histories from wind tunnel testing of section models. Comparison of results obtained 
from all possible DOF combinations can be an effective tool to measure the accuracy of 
flutter derivatives and the three-DOF system is very advantageous to simulate different DOF 
combinations that are needed for flutter derivative extraction. Measurements of static forces 
are also possible by restraining the desired DOF. 
2. Component Description and Assembly of the Elastic Suspension System 
The components that were used to assemble the three-DOF elastic suspension system 
are described here. This system enables simultaneous vertical, horizontal, and torsional 
motion of the suspended model and is capable of capturing the effect of coupling between 
different degree-of-freedom of a section model subjected to wind loading. 
2.1 Pneumatic Bushing and Shaft Assembly 
The system comprise of six cylindrical-pneumatic bushing assemblies supported by 
six polished steel shafts (New Way Machine Components, Inc5, parts number S301901) -
three bushing assemblies and three shafts at each end of the system; two bushing assemblies 
on two parallel vertical shafts and one bushing assembly on a horizontal shaft. Each end of 
the horizontal shaft was attached to the vertical bushings. The pneumatic bushing assemblies 
were made of a porous media that was encased in an aluminum cylinder. This cylinder was 
then inserted into an aluminum pillow block with rubber o-rings facilitating an airtight seal 
5 New Way Machine Components, Inc., http://www.newwavbearings.com/ 
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and compensating for slight misalignments between the bushings and shaft axes. Air was 
supplied to the bushing via small supply ports in both the internal cylinder and the pillow 
block. The entire assembly was fitted on a polished stainless steel shaft. Figure 1 shows the 
details of the air bushing. Filtered dry air was provided at 0.48-0.55 MPa (70-80 psi). The 
porous media of the air bushing evenly distributed the incoming air along the bushing length 
and around its circumference. Shop air was provided via a manifold to supply each of the six 
air bushings. The manifold, shown in Figure 2, was made from a short length of 19 mm (% 
in.) PVC pipe. The pneumatic bushing manufacturer suggested that the supply air be filtered 
through a 5 micron filter and air dryer. To achieve this, a pressure regulator and filter unit 
was used in series with a silica gel desiccant type air dryer, shown in Figure 3. The low 
friction characteristic of these bushings came from a thin (7-8 micron) film of air that forms 
between the bushing media and the shaft. Each pneumatic bushing assembly in the system 
had a capacity of 111 N (25 lb). This was more than what was necessary to support the 
model weight and aerodynamic drag while allowing very smooth motions. The section model 
end can be directly attached to the horizontal bushing assembly if torsional motion is not 
required. Figure 4 shows a typical suspension system end without the torsional assembly. 
As per the pneumatic bushing manufacturer's specification, the shafts were chosen of 
case hardened (60 to 65 HRC) steel with roundness of 3.15 millionths of a millimeter (80 
millionths of an inch) and straightness of 0.0833 mm/m (0.001 in./ft) (Thomson 60 Case 
Linear Race). These fine tolerances ensured that there was little or no interference of the thin 
air film between bushing and shaft. To minimize the vertically supported weight, the two 
horizontal steel shafts were selected to be hollow with the same tolerances as mentioned 
above. The hollow shafting had about half the weight per meter of the solid shafting. 
2.2 Coil Springs for Vertical and Lateral Motions 
The three-DOF suspension system uses extension springs, as shown in Figure 4, for 
allowing the system to vibrate in vertical and lateral directions. The extension springs were 
supplied by Associated Spring Raymond (a division of Barnes Group, Inc.f. Extension 
springs, with particular configurations, were chosen to undergo large deflections. 
Coil extension springs were attached to the air bushings to support the system and 
allow the system to vibrate. These were mounted such that they could be easily adjusted to 
ensure proper pre-tensioning and easily changed to allow for modification of the system 
frequencies. Also, these could be attached at opposite ends of each pneumatic bushing 
assembly allowing them to be pre-stretched. This configuration is highly recommended. In 
some cases, these could be attached at only one end of the air bushing as shown in Figure 4. 
In this alternate configuration, fewer springs could be used to accomplish the required system 
stiffness. 
2.3 Torsional Degree-of-Freedom Assembly 
The torsional motion of the system is generated using two torsional-assemblies 
(Figure 5) on each side of the system. Each torsional-assembly uses a pair of extension 
springs for allowing the rotational motion. The axis of the section model, which is a hollow 
shaft, is supported by a high precision ball bearing mounted on the front wall of each 
torsional-assembly. The shaft is then connected to a rotating block. A solid aluminum rod 
runs through the rotating block. The pair of extension springs is connected to a rigid bar at 
the bottom and the solid aluminum rod at the top that can undergo oscillatory motion. The 
6 Associated Spring Raymond, a division of Barnes Group, Inc., http://www.asravmond.com/ 
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distance between the extension springs can be adjusted to vary the torsional stiffness of the 
system. A torque-sensor is fixed to the back wall of one of the two torsional-assemblies. The 
front end of the torque sensor is connected to the rigid bottom bar, and thus it can measure 
the torque produced by the pair of springs. The torsional-assemblies allow the model to 
undergo rotational motion under wind loading and the torque-sensor measures the elastic 
moment proportional to this motion. Each assembly can be housed in a built-up aluminum 
box having dimension, 300 mm x 150 mm x 63.50 mm (shown in Figure 9 as referenced 
later) to give it a compact finish. Out of the two studies presented here, the one that required 
torsional motion used a low-capacity light-weight torque sensor (Transducer Techniques7, 
TRT-100 model) that had a capacity of 11.29 N-m (100 lb-in.). 
2.4 Elastic Force Measurement System 
The elastic spring force generated as a result of linear vertical or lateral motion needs 
to be measured to get the displacement time histories. These force measurements were 
accomplished with strain gauge force transducers (Transducer Techniques, MLP-XX model, 
where XX is the required capacity as per the application) applied to four of the spring 
attachment points at the end of the polished shafts, two vertical (out of a maximum of sixteen 
springs) and two horizontal (out of a maximum of four springs). In the two studies presented 
here, miniature low-profile load cells with 111 N (25 lb) capacities were used as force 
transducers. These load cells were chosen based on their light weight of 20 grams (0.7 
ounces) and compact size. The mounted force transducers are shown in Figure 6. 
7 Transducer Techniques, http://www.transducertechniques.com/ 
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2.5 Spring Selection Process 
Generally, aerodynamic coefficients obtained from section model wind tunnel testing 
are acquired over a wide range of non-dimensional reduced velocity: 
RV=Jë (1) 
where RV is the reduced velocity, U is mean cross wind velocity, /is frequency in Hertz 
(Hz), and B is model width. 
The maximum wind velocity U (Umax) should be less than the critical velocity Ucn for 
a particular aerodynamic instability phenomenon that is investigated in any experiment, for 
example, Umax should be less than the critical flutter velocity if flutter instability is the subject 
of experimental investigation. The desired natural frequency of the system for the vertical, 
lateral, and torsional DOF can be evaluated from the highest reduced velocity (Eq. 1) that 
needs to be generated for a particular experiment, where B is given for the model and Umax is 
known. 
Thus the vertical, lateral, and torsional stiffness of the system can be evaluated from 
the following relationship: 
K = co2 M (2) 
where, K is the stiffness, (O is the desired circular frequency in rad./sec, and M is the 
participating mass or mass moment of inertia for a particular DOF. 
The springs are then selected such that the spring combination for a particular DOF 
can produce the desired stiffness. The springs could be easily changed to allow for 
modification of the system frequency as may be required for different aerodynamic 
experimental studies. Extension spring with high stiffness is undesirable because it can cause 
high damping during vibration of the section model which will shorten the length of useful 
displacement time history. While designing the experiments for the two case studies that are 
presented in this paper, possible ranges of dynamic parameters were outlined based on this 
particular suspension system and plausible section model properties. The practical ranges of 
inertial mass/mass moment of inertia are 8-12 kg, 4-8 kg, and 3xlO"2-12xlO"2 kg-m2 
associated with vertical, horizontal, and torsional DOF, respectively. The ranges for 
mechanical frequencies are 1-3 Hz, 1-2 Hz, and 3-5 Hz for vertical, horizontal, and torsional 
DOF, respectively. Low critical damping ratios (mechanical) are desirable; practically, low 
values (less than 1%) are achievable only for vertical and horizontal motions but not for 
torsional motion. This is due to (a) the constraints on the size of extension springs used for 
the torsional-assembly that is designed to be compact, and (b) the use of two ball bearings in 
the assembly which adds more kinematical friction compared to pneumatic bushings. The 
practical ranges for critical damping ratios are 0.2-0.8%, 0.3-0.6%, and 1-2% for vertical, 
horizontal, and torsional DOF, respectively. The ranges of values given above are for 
preliminary guidance only. These are based upon this particular elastic suspension system 
and section models that have been used by the authors for aeroelastic experiments but may 
differ for specific fluid-structure interaction studies. 
2.6 Measurement of Static Force Coefficients 
For static measurements, rigid struts made of appropriate lengths of all-thread bolts 
were attached to the force transducers in place of the springs to transfer the resulting forces 
directly to the transducers. Careful alignment of each strut was necessary to ensure that no 
binding of the pneumatic bushings occurred. The struts could also be used to restrain 
undesirable degree-of-freedom for single-DOF or two-DOF studies. 
Static force measurements were performed [9] for stay-cable section model (diameter 
D) with elliptical rings (ring diameter D/20) fixed at an interval of 1.5D. The plane of the 
elliptical rings was at an angle of 60 degrees with respect to the model axis. The drag and lift 
coefficients were obtained as 1.28 and -0.03, respectively, for the model with zero yaw and 
inclination angles. It is known that the drag and lift coefficients of a cable (smooth surface), 
for zero yaw and inclination angles and Reynolds number (Re) of less than 2 x 105 (Re=1.67 
x 105 here), are 1.2 and 0, respectively. The drag coefficient of the cable with elliptical rings, 
as expected, was measured to be marginally higher than that of the smooth cable. Similarly, 
the lift coefficient was measured as slightly different from zero as expected of the model with 
rings that were not axisymmetric with respect to the cable axis. Therefore, the static force 
coefficients obtained for the cable with elliptical rings demonstrate the precision in their 
measurements with this system. 
2.7 Elimination of Spurious Modes 
The rolling and yawing vibration modes can be completely eliminated while using 
this elastic suspension system. This is possible through precision adjustment to achieve near 
symmetry (about the vertical mid-plane of the system) in stiffness and mass of the system. 
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Also, the initial conditions are to be provided carefully through high strength cables attached 
on both sides of the model such that major asymmetry in cable-tension is not introduced. 
2.8 Durability and Maintenance 
The elastic suspension system will have high durability provided basic maintenance 
activities are performed from time-to-time. The system should be protected from dirt to avoid 
the pneumatic bushing and shaft assembly getting dusty and corroded. The pneumatic 
bushings should be taken out from the pillow blocks and cleaned occasionally to maintain 
high efficiency of the system. Positions and conditions of rubber o-rings are also to be 
checked to ensure airtight seal and misalignments between the bushings and shaft axes. The 
shafts are to be cleaned with mild cleaning solution so as to ensure dust free surfaces that are 
imperative for keeping the system damping low. 
3. Experimental Setup and Results for Two Case Studies 
3.1 Stay-Cable Vibration Study 
Stay cables are typically arranged on a cable-stayed bridge in combinations of 
inclination and yaw. In the section model study of stay cables, it was necessary to have the 
capability to arrange the section model in similar combinations of inclination and yaw. In 
addition, full-scale observations had demonstrated (Main, Jones, and Yamaguchi [11]) that 
stay cable vibration is actually two-dimensional, i.e., the vibration tends to be elliptic rather 
than constrained along a particular axis. To allow elliptic motions of the model in varying 
yaw and inclination configurations, the elastic suspension system should be able to vibrate 
along two perpendicular axes, the horizontal (stream-wise) and the vertical (across the flow 
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direction). Low inherent system damping was necessary for duplication of field conditions 
and proper determination of the damping effect of vibration mitigation efforts. 
For this study, the design spring constants (obtained by spring combinations) were 
447 N/m (2.55 lb/in.) in the vertical and 224 N/m (1.28 lb/in.) in the horizontal directions. 
The weight of the vibrating system was approximately 106.8 N (24 lb); each end of the 
vibrating portion of the suspension system was 28 N (6.2 lb) for a total of 56 N (12.4 lb). The 
cylinder section model made up the remainder of the weight at 52 N (11.6 lb). Thus, the 
vertically vibrating mass was 10.9 kg (24 lb mass) and the horizontally vibrating mass was 
5.3 kg (11.6 lb mass). The measured natural frequencies were 1.02 Hz for the vertical-DOF 
and 1.04 Hz for the horizontal-DOF. Due to the very stiff nature of stay cables in torsion, 
torsional degree-of- freedom was not of major importance so the torsional assembly of the 
three-DOF system was not used here. 
The cylinder model used in this study was made of 76 mm (3.0 in.) I.D. schedule 40 
polyvinyl chloride (PVC) pipe. This pipe had an outside diameter of 89 mm (3.5 in.) and a 
length of 1118 mm (44 in.) The cylinder model was hollow with a 13 mm (Vz in.) diameter, 
two-piece steel rod that could slide in and out of the ends of the section model to allow re­
positioning of the section model without changing the model length and mass. At the ends of 
the supporting rod, universal joints attached the cylinder model to the two horizontal pillow 
blocks so that changes in yaw and inclination angles could be easily achieved. This 
arrangement also helped to limit the degree of misalignments transferred to the horizontal air 
bushings. It was important to maintain alignment of the air bushings otherwise binding would 
occur and produce dry friction that severely increases the system damping. Binding could 
also occur due to dust collection on a particular bushing. Thus, if binding occurred at any 
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point of time, the air bushings were checked and fine tuned to correct any misalignments or 
cleaned to remove dust particles. 
The force transducers that were mounted at diagonally opposite vertical shafts would 
effectively cancel the rocking action of the system (if any) and provide uncoupled force data 
if the responses of each end of the system were added together. The two horizontal 
transducers were attached to the front (windward) end of the horizontal system. 
The ME/CE Wind Tunnel at Texas Tech University was used for this experiment. 
This particular wind tunnel has a test section of 1.83 m (6.0 ft) x 1.22 m (4.0 ft) and a 
maximum wind velocity of 49.2 m/s (110 mph). 
The elastic suspension system, as described in the current paper, was used to study 
the elliptical vibration pattern of stay cables to understand rain-wind induced vibration of 
cables in cable-stayed bridges. The system enabled determination of differences in vibration 
pattern that occurs between vibration in vertical plane only and vibration involving both 
vertical and lateral motions. To allow the section model to be positioned in inclination, the 
entire system end (vertical and horizontal supports) was mounted to aluminum plates that 
were in turn mounted to two 31.75 mm (1.25 in.) steel pipes each via U-bolts. The steel pipes 
had 12.7 mm (V2 in.) all-thread bolts fitted into each end so they could be compression fitted 
inside the wind tunnel. The ends of the 12.7 mm (Vi in.) all-threads were fitted into a mating 
hole in a small 25.4 mm x 76.2 mm x 6.35 mm (1 in. x 3 in. x lA in.) aluminum mounting 
plate that was screwed to the floor and ceiling of the wind tunnel to prevent lateral movement 
of the end plates during wind tunnel operation. For yaw positioning, each end mount 
assembly could be moved relative to one another along the wind tunnel walls by relocating 
36 
the aluminum mounting plates. Figure 7 illustrates the details of the elastic suspension 
system. 
While detailed results of this wind-tunnel study are presented in Sarkar et. al [9], this 
paper presents only the relevant data to show the usefulness of the elastic suspension system 
described here. Figure 8 shows the difference in the characteristic of vibration that occurs 
when the stay-cable section model was allowed to vibrate in a two-dimensional natural state. 
It has been observed in full-scale measurements, large vibrations of stay-cables frequently 
occur in the range of reduced velocity varying between 100 and 200. The elastic system 
could capture this behavior in two-DOF motion, showing larger vibration in the same range 
of wind speed. 
Scruton number, which is an important non-dimensional parameter for vibration 
problems, is defined by the following equation: 
4 71 m Ç Sc 
= ^
<3) 
where Sc is the Scruton number, m is mass per unit length, • is the modal damping ratio, p is 
the air density, D is the diameter of cable. 
For the experiments conducted, critical damping ratios (mechanical) were 0.25% for 
the vertical motion and 0.33% for the horizontal motion. Taking into account the mass and 
damping of this system, the Scruton number was 31.7 based on vertical damping. This value 
is comparable with the full-scale value of Sc = 44.7 (assumed first mode damping. • = 
0.15%). Possible damping sources in the system were the uncontrolled misalignments in the 
air bushings, shaft tolerances that were slightly greater than those specified by the pneumatic 
bushing manufacturer and inherent damping in the coil springs. 
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3.2 Extraction of Flutter Derivatives for a three-DOF Airfoil Model Study 
Flutter instability of structures can be assessed analytically using the flutter derivative 
formulation, which uses a set of flutter-derivative coefficients. These coefficients can be 
determined from wind-tunnel experiments on section models. The art of efficient extraction 
of all the eighteen flutter derivatives requires a versatile three-DOF elastic suspension system 
and an effective system identification technique. Sarkar, Jones, and Scanlan [6,7] were 
successful in identifying eight flutter derivatives simultaneously from noisy displacement 
time histories generated under laminar and turbulent flow. 
The three-DOF elastic suspension system described here in this paper was used to 
identify all the eighteen flutter derivatives of an airfoil section model (NACA 0020). The 
schematic diagram of the system is shown in Figure 9. The airfoil was symmetric about its 
chord and had a thickness-to-chord ratio of twenty percent. The Styrofoam airfoil model had 
a chord length of 314 mm. The airfoil model was 550 mm long and it had two elliptical 
Plexiglas end plates to reduce aerodynamic end effects. The model was built with foam and 
wrapped around with fiberglass to simulate the smooth airfoil skin. A hollow aluminum shaft 
was used as model axis. It was supported on high precision ball bearings at two ends. The 
shaft was connected to the torsional assembly at both ends to facilitate the rotational DOF. 
The center-of-gravity of the model was purposely coincided with the elastic axis to avoid 
static imbalance. 
The section model was always kept horizontal, and thus flutter derivatives were 
extracted corresponding to the zero angle of attack. At high wind speeds, slight pitching 
deflection was possible due to static aerodynamic moment which could change the horizontal 
mean position of the section model. To maintain the zero angle of attack mean position, the 
horizontal positioning of the model was checked and adjusted (if necessary) at high wind 
speeds. Since there were two separate planes (right and left) for the suspension system, 
binding in bushings could occur due to development of asymmetry in the system between the 
two planes. Adjustments and maintenance of the system would be necessary if that occurs. 
However, binding in bushings rarely occurred in this system. 
For this study, the design spring constants (obtained by spring combinations) were 
2568 N/m (14.7 lb/in.) in the vertical and 642 N/m (3.7 lb/in.) in the horizontal directions. 
The effective torsional stiffness was 38 N-m (332.8 lb-in.). The measured vertical, 
horizontal, and torsional natural frequencies were 2.67 Hz, 1.78 Hz, and 3.52 Hz 
respectively. The mass of the components of the suspension system (including the airfoil 
model) vibrating in vertical and lateral directions were 9.1 kg (20.1 lb) and 5.1 kg (11.3 lb), 
respectively. The mass moment of inertia in the torsional direction was 7.7xl0"2 kg-m2. For 
the experiments conducted, critical damping ratios (mechanical) were 0.6% for the vertical 
motion, 0.4% for the horizontal motion and 1.8% for the torsional motion. 
Free vibration technique was used for flutter derivative extraction. Initial 
displacements were provided by means of strings controlled by an electromagnetic clamp 
system. The experimental setup is shown in Figure 10. A new system identification technique 
(Iterative least squares or ILS Method), developed by Gan Chowdhury and Sarkar [12], was 
used to extract the flutter derivatives. The accuracy of a particular flutter derivative was 
determined by comparing the results obtained from all possible DOF combinations. The Bill 
James Open-Return Wind Tunnel located in the Wind Simulation and Testing Laboratory 
(WiST Lab) in the Department of Aerospace Engineering at Iowa State University was used 
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for this experiment. This particular wind tunnel has a test section of 0.915 m (3.0 ft) x 0.762 
m (2.5 ft) and a maximum wind velocity of 80 m/s (180 mph). 
The three degrees of freedom for the section model are the vertical deflection h, and 
the horizontal deflection p of the local center-of-gravity (e.g.), and the rotation a about that 
e.g. The aeroelastic forces acting on the section are lift (Lae), drag (Dae), and moment (Mae). 
The aeroelastic force vector can be written as follows: 
E-ae = 
f L 1 ae 
M 
ae 
D V ae J 
0.5/0 U2B 
0 
0 
0 
0.5p U2B2 
0 
0 
0 
0.5p U2B 
K H * / U  K H 2 * B / U  K H ' / U  K 2 H 4  I B  K 2 H 3  K 2 H 6  I B  
KA//LT 
/[/ #/(/ KR IU 
(4) 
where p is the air density; U is the mean cross wind velocity; K = Bco /U is the non-
dimensional reduced frequency; <yis the circular frequency of oscillation. 
The non-dimensional aerodynamic coefficients Hi *, Pf, and A* (i = 1,2,..., 6) are 
the flutter derivatives and they evolve as functions of the reduced velocity RV = U/fB (where 
/ = (Of2it is the frequency of oscillation). Out of the eighteen flutter derivatives, HI*, H4*, 
PI*, P4*, A2*, and A3*, are the direct flutter derivatives and the rest twelve are the indirect 
flutter derivatives. The indirect flutter derivatives are more difficult to identify than the direct 
ones. 
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A set of sample flutter derivatives, which includes one direct and one indirect flutter 
derivative associated with each DOF (vertical, torsional, and lateral) has been plotted in 
Figure 11. These flutter derivatives, namely, HI*, H3*, A2*, A5*, PI*, P3*, were obtained 
from all possible DOF combinations as plotted in the figure. The flutter derivatives show 
very good agreement when obtained from different DOF combinations. It was concluded 
from this study that flutter derivatives extraction from three-DOF testing is comparatively 
difficult than obtaining them from one-DOF and two-DOF tests. Thus, it is recommended to 
extract all the eighteen derivatives for a section model by performing three different sets of 
two-DOF testing namely, vertical-torsional, vertical-lateral, and lateral-torsional. 
4. Summary 
A three-DOF elastic suspension system has been developed that can be used for 
section-model testing in wind tunnels. The three-DOF system would be highly capable of 
studying aerodynamic and aeroelastic phenomena like across-wind galloping, rain-wind 
induced cable vibration, torsional divergence, flutter instability, buffeting etc. Displacement 
time histories generated by unsteady aerodynamic forces acting on a section model can be 
recorded with the help of appropriate data acquisition system. Large deflection problems 
caused by aerodynamic forces can be also investigated with this suspension system. Free 
vibration studies can be made using this system by giving initial displacements to the section 
model. Actuators may be installed in this suspension system to allow forced vibration 
techniques. The system can also be used for measuring static forces by restraining the desired 
DOF. 
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The functionality of the elastic suspension system described here has been 
successfully demonstrated for the study of two aeroelastic phenomena using section models, 
i.e. rain-wind induced vibration of stay cables and three-DOF flutter in an airfoil. It required 
the simulation of lateral motion in combination with vertical motion for the study of stay 
cables and vertical and torsional motions for the study of three-DOF flutter in an airfoil. 
Difference in response of the stay cable was observed when lateral motion of the section 
model was allowed along with its vertical motion as compared to that of vertical motion only. 
Allowing of the lateral motion captured the velocity-restricted response in the cable, i.e. large 
amplitude motions within a short range of reduced velocities, as observed in the field. Flutter 
derivatives for a three-DOF airfoil section model were extracted by acquiring free vibration 
displacement time histories. Sample flutter derivatives are presented to validate the efficiency 
of the suspension system. Trends of the flutter derivatives coincided when obtained from 
more than one set of DOF combinations. 
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Figure Captions 
Figure 1. Cylindrical Air Bushing Details (dimension in inches, 1 in. = 25.4 mm) 
(Courtesy of New Way Machine Components, Inc., http://www.newwavbearings.coin/) 
Figure 2. Air Supply Manifold. 
Figure 3. Pressure Regulator and Filter Assembly 
Figure 4. Suspension System end without the Torsional Assembly 
Figure 5. Torsional Degree-of-Freedom Assembly 
Figure 6. Vertical and Horizontal Force Transducers 
Figure 7. Elastic Suspension System without the Torsional Assembly (used for Stay-Cable Vibration Studies) 
Figure 8. Comparison of 1-DOF and 2-DOF Responses of Stay-Cable Section Model Vibration 
(1 in. = 25.4 mm) 
Figure 9. Schematic Diagram of Three-DOF Elastic Suspension System (all dimensions are in mm) 
Figure 10. Three-DOF Elastic Suspension System inside Bill James Wind Tunnel Test Section, WiST Lab 
(used for extraction of Flutter Derivatives) 
Figure 11. Selected Flutter Derivatives for Airfoil Section Model (NACA 0020) 
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Figure 2. Air Supply Manifold. 
Figure 3. Pressure Regulator and Filter Assembly 
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Figure 4. Suspension System end without the Torsional Assembly 
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Figure 7. Elastic Suspension System without the Torsional Assembly (used for Stay-Cable Vibration Studies) 
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Figure 8. Comparison of 1-DOF and 2-DOF Responses of Stay-Cable Section Model Vibration 
(1 in. = 25.4 mm) 
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Figure 10. Three-DOF Elastic Suspension System inside Bill James Wind Tunnel Test Section, WiST Lab 
(used for extraction of Flutter Derivatives) 
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CHAPTER 3. A NEW TECHNIQUE FOR IDENTIFICATION OF 
EIGHTEEN FLUTTER DERIVATIVES USING A THREE-DEGREE-
OF-FREEDOM SECTION MODEL 
A paper accepted by Engineering Structures, The Journal of earthquake, wind 
and ocean engineering 
Arindam Gan Chowdhury1,2 and Partha P. Sarkar1,3 
ABSTRACT : The prediction of flutter instability is of major concern for design of flexible 
structures. This necessitates the identification of aeroelastic parameters known as flutter 
derivatives from wind tunnel experiments. The extraction of flutter derivatives becomes more 
challenging when the number of degree of freedom (DOF) increases from two to three. Since 
the work in the field of identifying all eighteen flutter derivatives has been limited, it has 
motivated the development of a new system identification method (Iterative least squares 
method or ILS method) to efficiently extract the flutter derivatives using a section model 
suspended by a three-DOF elastic suspension system. The accuracy of a particular flutter 
derivative was determined by comparing the results obtained from all possible DOF 
combinations. 
1 Graduate Student and Associate Professor, respectively, Department of Aerospace Engineering, 
Iowa State University. 
2 Primary researcher and author. 
3 Author for correspondence 
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KEYWORDS: Flutter derivatives; Wind tunnel tests; System identification. 
INTRODUCTION 
The discipline of aeroelasticity refers to the study of phenomenon wherein 
aerodynamic forces and structural motions interact significantly. Flutter is an aeroelastic self-
excited oscillation of a structural system. Since the flutter-induced failure of the Tacoma 
Narrows Bridge in 1940, understanding of the physical mechanisms at work has advanced. 
The frequency-domain approach has been widely used for estimating flutter speed of 
structures [1, 2], The frequency-domain method uses flutter derivatives, which may be 
experimentally obtained from wind-tunnel testing of section models. Extraction of flutter 
derivatives can be done through forced vibration technique or free vibration technique. Free 
vibration technique is comparatively simple because it only requires initial displacements. 
Sarkar [3] developed the modified Ibrahim time domain (MITD) method to extract all the 
direct and cross flutter derivatives from the coupled free vibration data of a two-degree-of-
freedom (DOF) section model. Sarkar, Jones, and Scanlan [4, 5] were successful in 
identifying eight flutter derivatives simultaneously from noisy displacement time histories 
generated under laminar and turbulent flow. 
Other system identification (SID) methods that can be applied to problems in 
structural dynamics are least squares (ES), instrumental variable (IV), maximum likelihood 
(ML), and extended Kalman filtering (EKF); these were reviewed by Imai et al. [6]. Hsia [7] 
described different least squares algorithms for system parameter identification. Extended 
Kalman filtering technique was used by Yamada and Ichikawa [8], Diana, Cheli, and Resta 
[9], Iwamoto and Fujino [10] and Jones et al. [11]. Jakobsen and Hjorth-Hansen [12] and 
Brownjohn and Jakob sen [13] have used co variance block Hankel matrix (CBHM) method 
for parameter extraction of a two-DOF system. The CBHM method was also been extended 
to cater for three-DOF flutter derivatives, however the principles were illustrated for a two-
DOF system and eight flutter derivatives were experimentally extracted [12, 13]. Gu, Zhang, 
and Xiang [14] and Zhu et al. [15] have used an identification method based on unifying 
least squares (ULS) theory to extract flutter derivatives of a two-DOF model. Though the 
ULS method could theoretically identify all the eighteen flutter derivatives using a three-
DOF section model, only eight flutter derivatives were extracted due to lack of a more 
inclusive experimental setup to accommodate the three-DOF section model (as quoted in 
[15]). 
Eight flutter derivatives, namely, HI*, H2*, H3*, H4*, Al*, A2*, A3*, and A4*, can 
be obtained from two-DOF section model tests with vertical and torsional degree of freedom. 
The problem of flutter derivative extraction becomes more challenging when the number of 
DOF increases from two to three. The additional flutter derivates that can be extracted from 
three-DOF section model with vertical, torsional, and lateral degree of freedom are H5*, 
H6*, A5*, A6*, PI*, P2*, P3*, P4*, P5*, and P6*. Out of the eighteen flutter derivatives, 
HI*, H4*, PI*, P4*, A2*, and A3*, are the direct flutter derivatives and the rest twelve are 
the indirect flutter derivatives. The indirect flutter derivatives are more difficult to identify 
than the direct ones. Singh et al. [16] were the first researchers to attempt identification of all 
the eighteen flutter derivatives of a streamlined bridge deck. They extended the MITD 
method developed by Sarkar [3] that was already proven to work for a two-DOF system. The 
trend of some of the indirect flutter derivatives in [16], namely, H6*, A5*, A6*, P3*, P5*, 
and P6*, are difficult to predict due to the scatter in the data presented in the plots; for the 
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other flutter derivatives, specific trends are evident from the plots. Chen, He, and Xiang [17] 
have used general least-squares theory for identifying eighteen flutter derivatives of bridge 
sections. The trends of experimental results were compared to results from computational 
fluid dynamics (CFD) methods. For the lateral flutter derivatives, the experimental results 
were consistent with the CFD results at lower reduced velocities. At higher velocities, the 
results of most lateral derivatives were different between both approaches. While comparing 
two-DOF and three-DOF sectional model experiments, good agreement was found for flutter 
derivatives HI*, H2*, H3*, Al*, A2*, A3*, but deviations were noted for H4* and A4*. 
The work in the field of identifying all the eighteen flutter derivatives for section 
models is limited and needs further investigation. The art of efficient extraction of all the 
eighteen flutter derivatives requires an effective system identification technique and a 
versatile three-DOF elastic suspension system. The system identification technique is 
required to perform accurate parameter extraction for high noise-to-signal ratio. A versatile 
three-DOF elastic suspension system is needed to capture coupled displacement time 
histories from wind tunnel testing of section models. Comparison of results obtained from all 
possible DOF combinations can be an effective tool to measure the accuracy of flutter 
derivatives. Also, as parameter extraction through three-DOF testing is one magnitude more 
difficult than parameter extraction through two-DOF testing, separate two-DOF 
combinations can be used to generate all the eighteen flutter derivatives, thus eliminating the 
need of performing a three-DOF testing. Thus, an efficient three-DOF suspension system is 
highly advantageous to simulate different DOF combinations that are needed for flutter 
derivative extraction. The current paper describes the development of a new system 
identification method and a versatile three-DOF elastic suspension system, which together 
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are capable of efficiently extracting all the eighteen flutter derivatives for section models 
involving different DOF-combination testing. The flutter derivative nomenclature convention 
in this paper is consistent with that used by Scanlan and his co-workers [16]. The system 
identification method involves digital filtering of noisy displacement time histories and 
approximation of their higher derivatives using finite difference formulation. The current 
formulation has the following advantages- (i) a single computer program is capable of 
extracting flutter derivatives for various DOF combination cases (e.g., 1-DOF, 2-DOF, and 
3-DOF cases), (ii) effective stiffness and damping matrices are directly obtained from 
acquired free-vibration displacement time histories and numerically generated velocity and 
acceleration time histories using digital filtering and finite differencing (thus avoiding 
extraction of eigenvalues and eigenvectors), and (iii) accurate parameter identification can be 
performed, as has been validated numerically and experimentally, where different DOF 
combinations were used. 
CURRENT SYSTEM IDENTIFICATION METHOD 
Equations of motion 
Flutter analysis is performed by using experimentally obtained flutter derivatives in 
the frequency domain. In this formulation, the aeroelastic forces acting on a structure are 
modeled by means of flutter derivatives. Figure 1 shows a typical section model that is 
subjected to a mean wind speed U. 
The three degree of freedom are the vertical deflection h, and the horizontal 
deflection p of the local center-of-gravity (e.g.), and the rotation a about that e.g. The 
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aerodynamic forces acting on the section are lift (L), drag ( D ) ,  and moment (M). The section 
model has m/„ mp, and la as vertical mass, lateral mass, and mass moment of inertia per unit 
length, respectively; (%, Çp, and Çaas the mechanical damping ratios, and coh, cop, and coaas the 
natural mechanical frequencies for vertical, lateral and torsional motion, respectively. The 
equations of motion for the section model subjected to aeroelatic forces can be written as: 
y  +  K ~ l Ç y  +  M ~ l K y  =  M ~ l F a  
where, 
y  =  { h  a  p f ,  
(1) 
0 0 " 0 0 
i 
0 0 
M = 0 K 0 , M_~lÇ = 0 0 , M-~XK = 0 0 
0 0 m p _  0 0 0 0 < 
The aeroelastic force vector can be written as follows: 
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-—ae 
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(2) 
where p is the air density; U is the mean cross wind velocity; K = Bco /U is the non-
dimensional reduced frequency; <yis the circular frequency of flutter oscillation. 
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The non-dimensional aerodynamic coefficients //, P, , and A,'" (i = 1, 2, 6) are 
called the flutter derivatives and they evolve as functions of the reduced velocity U/fB (where 
f=ay2n is the frequency of flutter oscillation). Flutter instability of structures can be assessed 
analytically using the flutter derivative formulation and a set of flutter-derivative coefficients 
is used for this purpose. These coefficients can be determined from wind-tunnel experiments 
on section models excited by initial displacements. 
Flutter Derivatives 
Substituting Eq. (2) in Eq. (1) and bringing all terms to left hand side, aeroelastically 
modified free-vibration equations of motion are obtained: 
y  +  C ' f y  +  K ' f y  =  0  ( 3 )  
where and are the aeroelastically modified effective damping and stiffness matrices, 
respectively. For zero wind speed, the mechanical damping and stiffness matrices are cmedl 
and fÇnech, respectively. The expression of flutter derivatives obtained from a three-DOF 
section model can be written as: 
n l ( K )  =  - J ^ ( C l f  -  e r r *  )  h - 2 ( k )  =  f  -  c , r "  )  
pB 0) pB 0) 
(4a,b) 
(4c,d) 
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-c,r )• h:(K) = -^w^- -*»') 
(4e,f) 
A '( K )  =  ~J^(C* -C"'c" ) '  A 2 " m  =  ~ ^ ( c *  ~ C r )  
(5a,b) 
A3*Cr) = f 2T" ), A4*(Jf) = ' K"r" ^ 
pB 0) " 
(5c,d) 
A5* ( JO  =  _^L_(C |f  _ c- ), A,'(at) = -^r(^f " *r ) 
(5e,f) 
/!*(«:) = -^Mc# - c3T* ). p2"<K) = - c=T;i ) 
(6a, b) 
P3*</Q = - 2 1 P 2 { K g  -  K f f h  ) ,  P l ( K )  =  -  '  ( K ' «  -  K ™ ' *  )  
pB CO r 
(6c,d) 
p l ( K )  =  - ^ J f \ f - C3T" ), =  ~  K"'"h ) 
pB co " 
(6e,f) 
Iterative Least Squares Method 
A new system identification technique has been developed for the extraction of flutter 
derivatives from free vibration displacement time histories obtained from a section model 
testing in the wind tunnel. The method uses iterative least squares system identification 
60 
approach and will be referred hereafter as the Iterative least squares (ILS) method. The 
detailed formulation of ILS method is discussed in this section. Eq. (3) can be represented as 
the state-space model: 
The A matrix is 2n x 2n square matrix, where n is the number of degree of freedom 
for the dynamic system. / is the identity matrix of size nxn. The A matrix can be identified if 
acceleration, velocity and displacement data can be recorded for all n degree of freedom for 
at least 2n different instants of time [18]. In practice, measurement of all three responses is 
not feasible. Thus, an alternate arrangement can be designed in which the noisy displacement 
time history is only measured and filtered numerically to remove the high frequency noise 
components (if any). This filtered displacement data can then be used to generate velocity 
and acceleration time histories by finite difference formulation. For numerical simulation, a 
noise-free vertical displacement time history (referred to as actual displacement time history) 
was contaminated with Gaussian white noise and the noisy time history is shown in Fig. 2. 
MATLAB was used for zero-phase digital filtering of the noisy displacement time history. A 
low-pass digital 'Butterworth' filter was built for this purpose. The cutoff frequency for the 
filter can be estimated from the knowledge of approximate zero-wind speed frequencies of 
the dynamic system. The actual (noise free) displacement and the filtered displacement are 
plotted in Fig. 3. The filtered displacement data was used to generate velocity and 
X = AX (7) 
where 
0 / 
acceleration time histories by finite difference formulation, as shown in Fig. 4 and Fig. 5, 
respectively. 
It can be seen from Figures 3 to 5 that the digitally filtered displacement and the 
numerically obtained velocity and acceleration time histories deviate from the actual time 
histories at the two extreme ends of the total time range. This is an inherent error for zero-
phase digital filtering using MATLAB function. To circumvent the misfit at the two ends, 
'windowing' method was applied which used only the middle portion of each of the three 
time histories for system identification. A 'window', which discards the first and last quarter 
of each time history, was found suitable for obtaining parameters through system 
identification. Thus, only middle half of each time history is considered for extracting 
elements of the A matrix by the ILS approach. The A matrix obtained for zero wind case, will 
give the Cmech and fCne'h matrices. The A matrix obtained for non-zero wind speeds, will give 
the Ceff and matrices. After estimating the elements of these matrices, the frequency 
dependent flutter derivatives can be calculated from Equations 4 to 6. 
Algorithm for Iterative Least Squares (ILS) Approach: 
Based on the ILS approach, a computer code has been developed to identify the 
elements of A matrix from noisy displacement time histories. The ILS approach is effectively 
described by the following algorithm: 
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OBTAIN NOISY DISPLACEMENT TIME HISTORIES [SIZE n x (2N+2)] 
X W ,  t m  = Q n -  l ) A r  , m  =  l ,  2 , . . . ,  2 N + 2  
+ 
BUILD LOW PASS 'BUTTERWORTH' FILTER 
i 
PERFORM ZERO-PHASE DIGITAL FILTERING OF DISPLACEMENTS 
OBTAIN VELOCITY AND ACCELERATION TIME HISTORIES BY 
FINITE DIFFERENCE FORMULATION (EACH HAVING SIZE n x 2 N )  
+ 
PERFORM 'WINDOWING' TO OBTAIN NEW SETS OF DISPLACEMENT, 
VELOCITY, ACCELERATION TIME HISTORIES (EACH HAVING SIZE n x N) 
+ 
CONSTRUCT X , X  (EACH HAVING SIZE 2 n  x  N ) ,  Eq. 7 
; 
GENERATE INITIAL A MATRIX BY LEAST SQUARES (SIZE 2n x 2n) 
A"  =  ( x x r \ x x T Y  
_ T— - - - — 
USING INITIAL CONDITIONS ( X _ o  ) SIMULATE, X.' ^ e ~ ' X _ Q  
4 
UPDATE A MATRIX BY LEAST SQUARES (SIZE 2n x 2ri): I-—' ) 
i 
CALCULATE THE RESIDUALS, Rt J = abs(A- j - A-J1 ), 
WHERE, k DENOTES ITERATION LEVEL, i = n+l,...,2n,j =l,...,2n 
+ 
ITERATE TILL THE CONVERGENCE OF A MATRIX 
CRITERIA FOR CONVERGENCE, max(/?;j) < 10'6 
EXPERIMENTAL SETUP 
A three-DOF elastic suspension system (Fig. 6) has been developed and built for 
testing at the Wind Simulation and Testing (WiST) Laboratory, Department of Aerospace 
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Engineering, Iowa State University. The schematic diagram of the system is shown in Figure 
7, which illustrates different views of the system and corresponding dimensions. This 
system enables simultaneous vertical, horizontal, and torsional motion of the suspended 
model and captures the effect of coupling between different degree of freedom of a flexible 
structure immersed in a dynamic flow field. The system utilizes pneumatic bushings that 
glide along polished steel shafts in the vertical and horizontal directions of motion. Two 
torsional-assemblies on each side are used to generate torsional motion of the model. Each 
assembly can be housed in a built-up aluminum box having dimension, 300 mm x 150 mm x 
64 mm (shown in Figure 7) to give it a compact finish. Vibration frequencies of the system 
are tuned with combination of springs. System damping is low due to the low-friction 
pneumatic bushings, restriction of coil spring wire to small diameters, and highly polished 
stainless steel guide shafts. Relatively, large displacements can be generated by the 
suspension system. 
Force measurements were accomplished with strain gage force transducers applied to 
four of the spring attachment points, two vertical and two horizontal. The force transducers 
that were used are miniature load cells with 11.34 kg (25 lb) capacity. These load cells were 
chosen based on their light-weight and compact size. The torque-sensor, which has a capacity 
of 1.152 kg-m (100 lb-in.), was fixed to the back wall of one of the two torsional-assemblies. 
The front end of the torque sensor was connected to the rigid bottom bar, and thus could 
measure the torque produced by the pair of springs. The torsional-assemblies allowed the 
model to undergo rotational motion under wind loading and the torque-sensor measured the 
aerodynamic moment caused by the motion. Lab View (National Instruments) was used for 
data acquisition from wind tunnel experiments. 
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For wind tunnel testing, a section model of NACA 0020 airfoil was mounted on 
the three-DOF elastic suspension system. The airfoil was symmetric about its chord and 
had a thickness-to-chord ratio of twenty percent. The Styrofoam airfoil model had a 
chord length of 314 mm. The airfoil model was 550 mm long, with two elliptical 
Plexiglas end plates to reduce aerodynamic end effects. The model was built with foam 
and wrapped around with fiberglass to simulate the smooth airfoil skin. A hollow 
aluminum shaft ran through the model. It was supported on high precision ball bearings 
at two ends. The shaft was connected to the torsional assembly at both ends to facilitate 
the rotational DOF. The center-of-gravity of the model was purposely coincided with the 
elastic axis to avoid static imbalance. 
While designing the elastic suspension system and the airfoil model, the 
mechanical frequencies for the vertical, lateral and torsional motions were carefully 
chosen. The desired frequencies were then obtained by suitable combination of springs. 
The mechanical frequencies of the dynamic system were designed close to 1.8 Hz, 2.5 
Hz, and 3.5 Hz for the lateral, vertical, and torsional-DOF, respectively. These 
frequencies were selected such that they were distinct from each other and provide the 
maximum reduced velocity desired in the experiment corresponding to a pre-selected 
wind speed below the estimated flutter speed of the model. The frequency along the 
vertical DOF was used for the calculation of the reduced velocities. 
65 
RESULTS AND DISCUSSIONS 
Numerical simulations 
ILS method was programmed and tested for typical one, two, and three-DOF dynamic 
systems whose mass, stiffness, and damping matrices were assumed. The purpose of the 
numerical simulation was to determine the percentage of error for the elements of the 
damping and stiffness matrices, which were extracted from noisy displacement time 
histories. Cases with different noise-to-signal ratios were considered during numerical 
simulation. The average errors for the stiffness and damping terms are given in Table 1, 
where errors in parameter estimation for a two-DOF system were compared with the MITD 
[3] method because its algorithm was readily available. The average percentage errors for 
two-DOF parameters extracted using ILS method for 10% noise are significantly less than 
those using MITD method for 5% noise. As expected for the numerical simulations, the 
errors in diagonal terms are less compared to the errors in non-diagonal terms for the 
stiffness and damping matrices. The parameter errors increase with increasing number of 
degree of freedom. It is evident from Table 1 that the errors for three-DOF parameters for 5% 
noise case are more than the errors for two-DOF parameters for 20% noise case. Thus, 
parameters extracted for a two-DOF model in a turbulent flow is more accurate than 
parameters extracted for a three-DOF model in comparatively less turbulent flow. This 
particular phenomenon bolsters the concept of generating all the eighteen flutter derivatives 
from different two-DOF combinations instead of performing a single three-DOF testing. The 
current method is capable of generating good estimates of parameters even for high noise-to-
signal ratio for one and two-DOF systems (e.g., error in extracted parameters is much less 
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than 10% for 20% noise). For three DOF system, the method works satisfactorily for 
moderate noise level (e.g., error in extracted parameters is less than 10% for 10% noise). 
From the numerical simulations, it is evident that ILS method estimates the 
parameters more accurately than the MITD method for a given noise level. Thus, ILS method 
can extract parameters even at relatively high noise level, which can occur for turbulent 
flows or inadequate resolution of transducers. Moreover for MITD method, the time shifts 
N1 and N2 [5] cannot be arbitrarily chosen because they affect the accuracy of parameter 
extraction. Since ILS method does not involve N1 and N2, the accuracy of the estimated 
parameters are independent of the guessed values of N1 and N2. Also ILS method estimates 
the elements of and ^ matrices directly instead of obtaining them from complex 
eigenvalues and eigenvectors, thereby reducing mathematical complexity. 
Experimental results 
All the 18 flutter derivatives were obtained for the NACA 0020 airfoil model by 
using the ILS approach. For comparison, all the possible DOF combinations were tested in 
the wind tunnel. Thus, the estimates of flutter derivatives obtained from different 
combinations of DOF could be compared. The versatility of the three-DOF elastic suspension 
system remains in the fact that all possible combinations (e.g., 1-DOF, 2-DOF, and 3-DOF) 
could be tested by restraining one or more DOF as required for a particular experimental 
setup. Thus, the accuracy of a particular flutter derivative could be determined by matching 
the results from more than one set of DOF combination. Table 2 shows all possible DOF 
combinations and the flutter derivatives that were obtained from each combination. 
For wind tunnel experiments, a sampling rate of 800 Hz was used for obtaining the 
vertical, lateral, and torsional time histories at zero and different non-zero wind velocities. 
Number of sample points, 2N+2 was taken as 3002 for each displacement time history. This 
number was considered to keep the amplitude levels of decaying sinusoidal motions above 
certain fixed level to avoid high background noise ratio. An ensemble of ten time histories 
was taken for each wind speed. The ILS program was used for processing the data. The cut­
off frequency for the Butterworth filter was chosen slightly higher than the maximum zero-
wind speed natural frequency of the dynamic system (i.e., 3.5Hz for the three-DOF case). A 
cut-off frequency chosen between 5 to 6 Hz was found to work effectively for filtering 
purposes of the three-DOF noisy displacement time histories. Finite difference formulation 
(central-difference with truncation error T.E.= 0[(At)2]) was used to obtain the velocity and 
acceleration time histories from the digitally filtered displacement data. 'Windowing' 
operation was performed and middle half of each time history was considered for extracting 
elements of the A matrix by the ILS approach. 
The convergence of A matrix was obtained based on the residuals Rjj which were 
taken as absolute values of differences between elements of A matrices obtained from two 
consecutive iteration levels as shown in the algorithm. Criteria for convergence was to have 
the maximum residual max(/?, ,) less than or equal to 10"6. While extracting elements of the 
state matrix from the experimental data, it took ILS method 5 to 7 iterations to converge 
based on the above criteria. After estimating the elements of A matrix at zero wind speed and 
several non-zero wind speeds, the frequency dependent flutter derivatives were calculated 
using Equations 4 to 6. 
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The flutter derivatives thus obtained from different DOF combinations are plotted in 
Figures 8 to 10. All the flutter derivatives were calculated for a range of reduced frequencies. 
The vertical frequency of the dynamic system was used to obtain the non-dimensional 
reduced frequency for all cases. Good agreement is seen between vertical and torsional flutter 
derivatives HI*, H2*, H3*, H4*, Al*, A2*, A3*, A4* obtained from 1-DOF, 2-DOF and 3-
DOF testing. The lateral derivative PI*, which represents the damping of lateral 
displacement, shows very good agreement when obtained from different DOF combinations. 
Though there are some deviations at isolated points, the trends for the other derivatives, 
obtained from various DOF combinations, namely, H5*, H6*, A5*, A6*, P2*, P3*, P4*, 
P5*, P6* are consistent. These isolated variations, especially for some of the lateral 
derivatives, need further investigation. Flutter derivatives extraction from three-DOF testing 
is comparatively difficult than obtaining them from one-DOF and two-DOF tests. Thus, it is 
recommended to extract all the eighteen derivatives for a section model by performing three 
different sets of two-DOF testing namely, vertical-torsional, vertical-lateral, and lateral-
torsional. 
CONCLUSIONS 
Work in the field of identifying all the eighteen flutter derivatives for a section model 
has been limited. This motivated the development of a new system identification method 
(Iterative least squares method or ILS method) to efficiently extract all the eighteen flutter 
derivatives. The identification technique used experimentally obtained free-vibration 
displacement time histories generated by a section model supported by a three-DOF elastic 
suspension system in the wind tunnel test section. Numerical simulations demonstrated the 
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efficiency of the ILS method. It was evident that the errors in parameter extraction increased 
when number of DOF increased from two to three. The numerical simulations showed that 
the ILS method was capable of generating good parameter estimates for one and two-DOF 
testing with high noise-to-signal ratio and for three-DOF testing with moderate noise-to-
signal ratio. All the eighteen flutter derivatives for an airfoil section model were extracted 
using ILS method to demonstrate the extraction technique. The accuracy of a particular 
flutter derivative was determined by matching the results obtained from all possible DOF 
combinations. Trends of the flutter derivatives coincided when obtained from more than one 
set of DOF combination. Flutter derivatives extraction from three-DOF testing was 
comparatively more difficult than obtaining them from one-DOF and two-DOF tests. 
Performing three different sets of two-DOF testing namely, vertical-torsional, vertical-lateral, 
and lateral-torsional, instead of three-DOF testing, would be an efficient technique for 
accurate extraction of all the eighteen derivatives for a section model. 
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Figure Captions 
Figure 1. Degree of freedom for a wing or deck section. 
Figure 2. Noisy displacement time history 
Figure 3. Digitally filtered displacement time history 
Figure 4. Numerically obtained velocity time history 
Figure 5. Numerically obtained acceleration time history 
Figure 6. Three-DOF elastic suspension system inside Bill James wind tunnel test section, WiST Lab 
Figure 7. Schematic diagram of Three-DOF elastic suspension system 
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Figure 8. Vertical flutter derivatives (H;', i=l,2,..,6) 
Figure 9. Torsional flutter derivatives (A,*, i=l,2,..,6) 
Figure 10. Lateral flutter derivatives (Pf, i=l,2,..,6) 
Table Captions 
Table 1. Average percentage errors for numerical simulations 
Table 2. DOF combinations and corresponding flutter derivatives obtained 
Table 1. Average percentage errors for numerical simulations 
Case Noise-to-Signal 
Ratio 
Diagonal 
Stiffness Terms 
Non-Diagonal 
Stiffness Terms 
Diagonal 
Damping Terms 
Non-Diagonal 
Damping 
Terms 
1-DOF (ILS) 20% 0.02 - 1.67 -
2-DOF 
(MITD) 
5% 0.19 2.22 0.81 2.02 
2-DOF 
(MITD) 
10% 0.37 4.47 1.60 2.92 
2-DOF (ILS) 10% 0.06 0.82 0.56 1.41 
2-DOF (ILS) 20% 0.13 0.96 2.01 5.04 
3-DOF (ILS) 5% 0.44 1.51 2.55 5.99 
3-DOF (ILS) 10% 0.89 2.34 4.83 8.43 
Table 2. DOF combinations and corresponding flutter derivatives obtained 
Case DOF Combination Flutter-Derivatives Extracted 
1 1-DOF Vertical (V) HI*, H4* 
2 1-DOF Torsional (T) A2*, A3* 
3 1-DOF Lateral (L) PI*, P4* 
4 2-DOF Vertical+Torsional (V&T) HI*, H2*, H3*, H4*, Al*  A2*, A3*, A4* 
5 2-DOF Vertical+Lateral (V&L) HI*, H4*, H5*, H6*, PI*, P4*, P5*, P6* 
6 2-DOF Lateral ^ Torsional (L&T) PI*, P4*, P2*, P3*, A2*, A3* A5*, A6* 
7 3-DOF All the 18 flutter derivatives 
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Figure 1. Degree of freedom for a wing or deck section. 
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Figure 2. Noisy displacement time history 
Noisy Displacement Time History 
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Figure 3. Digitally filtered displacement time history 
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Figure 4. Numerically obtained velocity time history 
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: Acceleration Time History 
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Figure 5. Numerically obtained acceleration time history 
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Figure 6. Three-DOF elastic suspension system inside Bill James wind tunnel test section, WiST Lab 
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Figure 7. Schematic diagram of Three-DOF elastic suspension system (all dimensions are in mm) 
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Figure 8. Vertical flutter derivatives (Hi*, i=l,2,..,6) 
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Figure 9. Torsional flutter derivatives (A,*, i=l,2,..,6) 
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CHAPTER 4. IDENTIFICATION OF EIGHTEEN FLUTTER 
DERIVATIVES OF AN AIRFOIL AND A BRIDGE DECK 
A paper submitted to of Wind and Structures, An International Journal 
Arindam Gan Chowdhury1'2 and Partha P. Sarkar1,3 
ABSTRACT : Wind tunnel experiments are often performed for the identification of 
aeroelastic parameters known as flutter derivatives that are necessary for the prediction of 
flutter instability for flexible structures. Experimental determination of all the eighteen flutter 
derivatives for a section model facilitates complete understanding of the physical mechanism 
of flutter. However, work in the field of identifying all the eighteen flutter derivatives using 
section models with all three degree-of-freedom (DOF) has been limited. In the current 
paper, all eighteen flutter derivatives for a streamlined bridge deck and an airfoil section 
model were identified by using a new system identification technique, namely, Iterative least 
squares (ILS) approach. Flutter derivatives of the current bridge and the Tsurumi bridge are 
compared. Pseudo-steady theory for predicting some of the flutter derivatives was verified. 
Flutter derivatives related to the lateral DOF have been emphasized. The three-DOF 
suspension system and the electromagnetic system for providing the initial conditions for 
free-vibration of the section model are also discussed. 
1 Graduate Student and Associate Professor, respectively, Department of Aerospace Engineering, 
Iowa State University. 
^Primary researcher and author. 
3 Author for correspondence 
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INTRODUCTION 
Aeroelasticity refers to the phenomenon wherein aerodynamic forces and structural 
motions interact significantly. Flutter is a self-excited oscillation of a structural system that 
occurs due to aeroelastic interaction. Flutter speed and frequency of a structure can be 
calculated by a frequency-domain method using flutter derivatives that are experimentally 
obtained from wind-tunnel testing of section models (Scanlan 1978). Sarkar, Jones, and 
Scanlan (1994) were successful in identifying eight flutter derivatives simultaneously from 
noisy displacement time histories by modified Ibrahim time domain (MITD) method. 
Brownjohn and Jakobsen (2001) used Covariance block Hankel matrix (CBHM) method for 
parameter extraction of a two-degree-of-freedom (DOF) system. The CBHM method was 
also extended to cater for three-DOF, however, the principles were illustrated for a two-DOF 
system and eight flutter derivatives were experimentally extracted. Gu, Zhang, and Xiang 
(2000) and Zhu et al. (2002) used an identification method based on unifying least squares 
(ULS) theory to extract flutter derivatives of a two-DOF model. Although the ULS method 
could theoretically identify all the eighteen flutter derivatives using a three-DOF section 
model, only eight flutter derivatives were extracted due to lack of a more inclusive 
experimental setup to accommodate the three-DOF section model. 
Identification of all the eighteen flutter derivatives of a streamlined bridge deck was 
first attempted by Singh et al. (1995). They extended the MITD method developed by Sarkar, 
Jones, and Scanlan (Sarkar 1992). The trends of some of the indirect flutter derivatives, 
namely, H6*, A5*, A6*, P3*, P5*, and P6*, are difficult to predict due to the scatter in the 
data presented in the plots by Singh et al. (1995); for the other flutter derivatives, specific 
trends are evident from the plots. Chen, He, and Xiang (2002) used general least-squares 
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theory for identifying eighteen flutter derivatives of bridge sections. Experimental results 
were compared to results from computational fluid dynamics (CFD) methods. At lower 
reduced velocities, the experimental results were consistent with the CFD results for the 
lateral flutter derivatives. At higher velocities, the results of most lateral derivatives differed 
between both approaches. When comparing two-DOF and three-DOF sectional model 
experiments, good agreement was found for flutter derivatives HI*, H2*, H3*, Al*, A2*, 
A3*, but deviations were noted for H4* and A4*. 
It is evident from the literature mentioned above that the work in the field of 
identifying all the eighteen flutter derivatives for section models is limited and needs further 
investigation. Efficient extraction of all the eighteen flutter derivatives requires an effective 
system identification technique and a versatile three-DOF elastic suspension system. This 
motivated the development of a new system identification method and a versatile three-DOF 
elastic suspension system which together are capable of efficiently extracting all the eighteen 
flutter derivatives for section models involving different DOF-combination testing. The 
current paper describes their implementation for extraction of eighteen flutters derivatives for 
an airfoil (Fig. 1) and a bridge deck (Fig. 2) section model and it mainly highlights the results 
of flutter derivatives related to the lateral degree of freedom. The system identification 
method involves digital filtering of noisy displacement time histories and numerically 
generating their higher derivatives (velocity and acceleration) using finite difference 
formulation. The current formulation has the following advantages- (i) a single computer 
program is capable of extracting flutter derivatives for various DOF combination cases (e.g., 
1-DOF, 2-DOF, and 3-DOF cases), (ii) effective stiffness and damping matrices are directly 
obtained from acquired free-vibration displacement time histories and numerically generated 
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velocity and acceleration time histories using digital filtering and finite differencing (thus 
avoiding extraction of eigenvalues and eigenvectors), and (iii) accurate parameter 
identification can be performed, as has been validated numerically and experimentally, where 
different DOF combinations were used. 
ITERATIVE LEAST SQUARES (ILS) SYSTEM IDENTIFICATION METHOD 
Experimentally obtained flutter derivatives are used for flutter analysis in the 
frequency domain. In this formulation, the aeroelastic forces acting on a structure are 
modeled by means of flutter derivatives. For a three-DOF section model, the three degrees of 
freedom are the vertical deflection, h, and the horizontal deflection, p, of the local center-of-
gravity (e.g.), and the rotation ,a, about that e.g. 
A new system identification technique, that uses iterative least squares approach, has 
been developed for the extraction of flutter derivatives from free vibration displacement time 
histories obtained from a section model testing in the wind tunnel. The method will be 
referred hereafter as the Iterative least squares (ILS) method. The aeroelastically-modified 
equations of motion can be represented as the state-space model: 
X — AX where, — ~™ y- {h  a  pY,  A 1  
0 
K 
eff 
- c  
*8 (1) 
The A  matrix is a 2 n x  2 n  square matrix, where n  is the number of degree of freedom 
for the dynamic system and / is the identity matrix of size n x n. and are the 
aeroelastically modified effective damping and stiffness matrices, respectively, that include 
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the aeroelastic force vector components (aeroelastic lift Lae, moment Mae, and drag Dae) 
written as follows (Scanlan and Jones formulation as in Sarkar 1992): 
F 
-—ae 
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(2) 
where, p is the air density; U is the mean cross wind velocity; K = Bco /U is the non-
dimensional reduced frequency; <yis the circular frequency of oscillation. 
The non-dimensional aerodynamic coefficients Ht *, P*, and A* (i = 1, 2, ..., 6) are 
called the flutter derivatives and they evolve as functions of the reduced velocity U/fB (where 
f=o/2n is the frequency of oscillation). These coefficients can be determined from wind-
tunnel experiments on section models excited by initial displacements. 
The A matrix in Eq. (1) can be identified if displacement ( y ), velocity ( y ), and 
acceleration ( y ) data can be recorded for all n degree of freedom for at least 2n different 
instants of time (Ibrahim and Mikulcik 1976). Practically, measurement of all three 
responses is not feasible so an alternate procedure has been formulated. In this procedure, the 
noisy displacement time histories are only measured and filtered numerically to remove the 
high frequency noise components (if any). MATLAB is used for zero-phase digital filtering 
of the noisy displacement time history and a low-pass digital 'Butterworth' filter is 
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programmed for this purpose. The cutoff frequency for the filter can be estimated from the 
knowledge of approximate zero-wind speed frequencies of the dynamic system. This filtered 
displacement data are then used to generate velocity and acceleration time histories by finite 
difference formulation. The digitally filtered displacement and the numerically obtained 
velocity and acceleration time histories deviate from the actual time histories at the two 
extreme ends of the total time range. This is an inherent error for zero-phase digital filtering 
using MATLAB function. To circumvent the misfit at the two ends, 'windowing' method 
was applied which used only the middle portion of each of the three time histories for system 
identification. A 'window' that discards the first and last quarter of each time history was 
found suitable for obtaining parameters through system identification. Thus, only middle half 
of each time history is considered for extracting elements of the A matrix by the ILS 
approach. The A matrix obtained for zero wind case will give the Çnech and K™ech matrices. 
The A matrix obtained for non-zero wind speeds will give the and ^ matrices. After 
estimating the elements of these matrices, the frequency-dependent flutter derivatives are 
calculated. Based on the ILS approach, a computer code has been developed to identify the 
elements of A matrix from noisy displacement time histories. The algorithm of ILS approach 
is presented in Gan Chowdhury and Sarkar (2003). 
EXPERIMENTAL SETUP 
Component Description and Assembly of the Elastic Suspension System 
A three-DOF elastic suspension system (Fig. 1) has been developed and built for 
testing at the Wind Simulation and Testing (WiST) Laboratory, Department of Aerospace 
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Engineering, Iowa State University. This system enables simultaneous vertical, horizontal, 
and torsional motion of the suspended model. Extensive details of this suspension system can 
be found in Sarkar, Gan Chowdhury and Gardner (2003). 
The system comprise of six cylindrical-pneumatic bushing assemblies supported by 
six polished steel shafts - three bushing assemblies and three shafts at each end of the 
system; two bushing assemblies on two parallel vertical shafts and one bushing assembly on 
a horizontal shaft. Each end of the horizontal shaft is attached to the vertical bushings. 
The suspension system uses extension springs, as shown in Fig. 1, for allowing the 
section model to vibrate in vertical and lateral directions. Extension springs, with particular 
configurations, were chosen to undergo large deflections. 
The torsional motion of the system is generated using two torsional-assemblies (Fig. 
1) on each side of the system. Each torsional-assembly uses a pair of extension springs for 
allowing the rotational motion. The axis of the section model, which is a circular shaft, is 
supported by a high precision ball bearing mounted on the front wall of each torsional-
assembly. The shaft is then connected to a rotating block. A solid aluminum rod runs through 
the rotating block. The pair of extension springs is connected to a rigid bar at the bottom and 
the solid aluminum rod at the top that can undergo oscillatory motion. The distance between 
the extension springs can be adjusted to vary the torsional stiffness of the system. The 
torsional-assemblies allow the model to undergo rotational motion under wind loading and 
the torque-sensor measures the elastic moment. 
Elastic Force and Torque Measurement System 
The elastic spring force generated as a result of linear vertical or lateral motion needs 
to be measured to get the displacement time histories. These force measurements are 
accomplished with strain gage force transducers applied to four of the spring attachment 
points at the end of the polished shafts, two vertical (out of a maximum of sixteen springs) 
and two horizontal (out of a maximum of four springs). In the current studies, miniature low-
profile load cells with 111 N (25 lb) capacities were used as force transducers. 
For measuring the elastic moment proportional to the generated torsional motion, a 
torque-sensor is fixed to the back wall of one of the two torsional-assemblies. The front end 
of the torque sensor is connected to the rigid bottom bar, and thus it can measure the torque 
produced by the pair of springs. A low-capacity light-weight torque sensor with a capacity of 
11.29 N-m (100 lb-in.) was used for the experiments. 
Electromagnetic System for Initial Conditions 
An electromagnetic system (Fig. 3) is designed to provide desired initial displacement 
conditions to the model and then release it to undergo oscillatory motions. The initial 
conditions are provided through high strength thin spectra cables. Six cables (three on each 
side of the system) are used to generate the initial conditions. One end of each cable is 
connected to the model end plate and the other end is wrapped around a pulley fixed on an 
aluminum shaft. Cranks are used for rotating the shafts to pull down the cables by specific 
amounts. Thus, a model can be displaced to a position such that the desired initial conditions 
are imposed. Each cable is then clamped between a plate and an electromagnet. All the 
cables are clamped to attain the initial conditions. A single switch is used to turn off all the 
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magnets simultaneously to allow the model to vibrate starting from the initial displaced 
position. 
Airfoil and Bridge Deck Section Models 
For wind tunnel testing a NACA 0020 airfoil section model (Fig. 1) and a streamlined 
bridge deck section model (Fig. 2) were used. The airfoil was symmetric about its chord and 
had a maximum thickness-to-chord ratio of twenty percent. The center-of-gravity of the 
airfoil model was purposely coincided with the elastic axis to avoid static imbalance. The 
bridge deck model represented a shallow box girder section with semi-circular fairings for 
the edges. The thickness-to-chord ratio was seven percent for the bridge model. Each model 
was about 0.6 m long with a chord length of about 0.3 m. Two Plexiglas end plates were 
used to reduce aerodynamic end effects for both models. 
RESULTS AND DISCUSSIONS 
Numerical simulations 
The purpose of the numerical simulation was to determine the percentage of error for 
the elements of the damping and stiffness matrices, which were extracted from noisy 
displacement time histories. ILS method was programmed and tested for one, two, and three-
DOF dynamic systems whose mass, stiffness, and damping matrices were assumed. Cases 
with different noise-to-signal ratios were considered during numerical simulation. The 
average errors for the stiffness and damping terms for two-DOF and three-DOF dynamic 
systems are given in Table 1. 
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Table 1. Average percentage errors for numerical simulations 
Case Noise-to-Signal Diagonal Non-Diagonal Diagonal Non-Diagonal 
Ratio Stiffness Terms Stiffness Terms Damping Terms Damping 
Terms 
2-DOF (ILS) 10% 0.06 0.82 0.56 1.41 
2-DOF (ILS) 20% 0.13 0.96 2.01 5.04 
3-DOF (ILS) 10% 0.89 2.34 4.83 8.43 
The errors in diagonal terms are less compared to the errors in non-diagonal terms for 
the stiffness and damping matrices. The parameter errors increase with increasing noise level. 
Also, errors increase with increasing number of degree of freedom. Thus, it is recommended 
to generate all the eighteen flutter derivatives from different two-DOF combinations instead 
of performing a single three-DOF testing. The current method is capable of generating good 
estimates of parameters even for high noise-to-signal ratio for two-DOF systems (e.g., 
maximum error in extracted parameters is ~5% for 20% noise level). 
Experimental results 
Eighteen flutter derivatives were obtained for the NACA 0020 airfoil model and the 
streamlined bridge model by using the ILS approach. The versatility of the three-DOF elastic 
suspension system remains in the fact that all possible two-DOF combinations could be 
tested in the wind tunnel. Three different sets of two-DOF testing, namely, vertical-torsional, 
vertical-lateral, and lateral-torsional, were performed to extract all the eighteen flutter 
derivatives. 
A sampling rate of 800 Hz was used. The data points of the decaying sinusoidal 
motions that were below certain amplitude were discarded during analysis to avoid high 
noise to signal ratio. An ensemble of ten displacement records was taken at each wind speed. 
The ILS program was used for processing the data. The cut-off frequency of the Butterworth 
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filter was chosen slightly higher than the maximum zero-wind speed natural frequency of the 
dynamic system (i.e., around 4 Hz associated with the torsional motion of both the models). 
A cut-off frequency that is chosen between 5 to 6 Hz was found to work effectively for 
filtering purposes. Finite difference formulation (central-difference with truncation error of 
0[(Àt)2]) was used to obtain the velocity and acceleration time histories from the digitally 
filtered displacement data. 
The flutter derivatives that were obtained from different DOF combinations (V: 
vertical; T: torsional; L: lateral) are plotted in Figures 4 to 6 ('A' represents the airfoil and 
'Bl' represents the current bridge deck). The zero-wind vertical frequency of the dynamic 
system was used to obtain the non-dimensional reduced velocity for all cases. The two-DOF 
flutter derivatives for the Tsurumi bridge deck section model (Sarkar, Jones, and Scanlan 
1994), which has a thickness-to-chord ratio of 9.6 percent, are also plotted for comparison 
('B2' represents the Tsurumi bridge deck). 
For the airfoil and current bridge model, good agreement is seen for direct flutter 
derivatives for vertical-DOF (HI*, H4*), torsional-DOF (A2*, A3*), and lateral-DOF (PI*, 
P4*) obtained from different two-DOF combinations (refer Eq. 2 for definition of flutter 
derivatives in three-DOF formulation). The lateral derivative PI* for the current bridge deck, 
which represents the damping of lateral displacement, has a comparatively steeper slope than 
that of the airfoil suggesting that higher lateral damping rate is associated with the bridge 
deck model as compared to the airfoil model. Also, as opposed to the airfoil model case, 
distinct trend is noted for P4* of the bridge model, which represents the frequency of lateral 
displacement, suggesting monotonie increase in lateral displacement frequency with wind 
speed. For other lateral derivatives, similar trends are noted for airfoil and current bridge 
90 
deck. For the Tsurumi bridge deck section model and the current bridge deck section model, 
similar trends have been found for the vertical and torsional flutter derivatives HI*, H2*, 
H3*, H4*, Al*, A2*, A3*, A4*. 
Pseudo-Steady formulation 
Pseudo-steady formulation for PI*, P2*, P3* are given by Scanlan as: 
PHC- 'Hi?; (3) 
Chen, He, and Xiang (2002) also presented the pseudo-steady formulation for PI*, P2*, P3*, 
P5*, H5*, A5*. These formulation can be modified and re-written to match Scanlan, Jones 
and co-workers' flutter derivative nomenclature convention as: 
. p _ 1 dCD . p < _ J_ 
' ' da., ' ' ^ 
h5 - — cl ; A5 - (4) 
In Eq. (3) and Eq. (4),C D , C L , C u  are the static drag, lift, moment coefficients, respectively, 
and aw is the angle of incidence of the wind. Static coefficients were not measured for the 
current bridge deck model. Using the static coefficients of the Tsurumi bridge (single-deck 
configuration) given by Sarkar (1992), its flutter derivatives H5*, A5*, PI* are plotted based 
on Eq. (4), whereas P2*, P3* and P5* were not calculated since dCD/daw was not known. 
Also, based on the pseudo-steady formulation, flutter derivatives PI*, P2*, P3*, P5* are 
plotted for a bridge deck (thickness-to-chord ratio of 9.8 percent, represented as 'B3' in 
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current plots) as given by Chen, He, and Xiang (2002). H5* and A5* of Tsurumi bridge 
based on pseudo-steady theory have good agreement with the experimentally obtained plots 
for current bridge model ('Bl'). Trends of P2*, P3*, P5* for bridge 'B3', based on the 
pseudo-steady formulation, match with those experimentally obtained for bridge 'Bl'. For 
PI*, the pseudo-steady plots for bridges 'B2' and 'B3' agree well with that of the airfoil. For 
bridge 'Bl', the experimental PI* plot shows comparatively steeper slope. This particular 
phenomenon could be caused as a result of higher drag coefficient generated by semi-circular 
fairings of the current bridge deck that are relatively more bluff compared to the tapered 
edges of B2' and 'B3'. The overall agreement of the experimental and the pseudo-steady 
theory based flutter derivatives bolsters the formulation given by Chen, He, and Xiang 
(2002). 
CONCLUSIONS 
Eighteen flutter derivatives for an airfoil section model and a streamlined bridge deck 
model were extracted using a new system identification method (ILS method). Trends of the 
flutter derivatives coincided when obtained from more than one set of DOF combination. The 
vertical and torsional flutter derivatives (HI*, H2*, H3*, H4*, Al*, A2*, A3*, A4*) for the 
airfoil and bridge deck had similar trends. Also comparison with the two-DOF flutter 
derivatives of Tsurumi bridge deck section model showed that the trends were similar for 
both bridge models. The lateral derivatives PI* and P4* differed for the airfoil and current 
bridge model and their significances were discussed. Pseudo-steady formulation for PI*, 
P2*, P3*, P5*, H5*, A5* were discussed. Bridge deck flutter derivatives, obtained both 
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experimentally and based on pseudo-steady theory, were compared to validate the pseudo-
steady formulation. 
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Figure Captions 
Figure 1. Three-DOF elastic suspension system with NACA 0020 airfoil section model 
Figure 2. Three-DOF elastic suspension system with streamlined bridge deck model 
Figure 3. Electromagnetic system for initial conditions 
Figure 4A. Vertical flutter derivatives (Hi*, i=l,2,3) 
Figure 4B. Vertical flutter derivatives (Hf, i=4,5,6) 
Figure 5A. Torsional flutter derivatives ( A * ,  i-1,2,3) 
Figure 5B. Torsional flutter derivatives (Ai*, i=4,5,6) 
Figure 6A. Lateral flutter derivatives (Pf, i=l,2,3) 
Figure 6B. Lateral flutter derivatives (P;*, i—4,5,6) 
Table Captions 
Table 1. Average percentage errors for numerical simulations 
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CHAPTER 5. EXPERIMENTAL IDENTIFICATION OF RATIONAL 
FUNCTION COEFFICIENTS FOR TIME-DOMAIN 
FLUTTER ANALYSIS 
A paper to be submitted to Engineering Structures, The Journal of earthquake, 
wind and ocean engineering 
Arindam Gan Chowdhury1'2 and Partha P. Sarkar1,3 
ABSTRACT: The prediction of flutter instability is of major concern for design of flexible 
structures like long span bridges and airplane wings. Flutter analysis of structures, are done 
either in frequency domain or time domain. This necessitates the identification of aeroelastic 
parameters (e.g., flutter derivatives in frequency domain; Rational function coefficients or 
Indicial functions in time domain). In time-domain modeling, the frequency-dependent self 
excited forces acting on the structure can be approximated in the Laplace domain by Rational 
functions. The existing Rational function approximation (RFA) approach involves 
approximation of the experimentally obtained flutter derivatives through 'multilevel linear 
and nonlinear optimization' procedure. This motivated the formulation of a system 
identification technique (Experimental extraction of Rational function coefficients or 
1 Graduate Student and Associate Professor, respectively, Department of Aerospace Engineering, 
Iowa State University 
2 Primary researcher and author 
3 Author for correspondence 
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E2RFC) to directly extract the Rational function coefficients from wind tunnel testing, thus 
eliminating the need of using flutter derivatives for their extraction. The current formulation 
requires testing of the section model at fewer numbers of velocities compared to the flutter-
derivative approach, leading to a significant reduction in time and resources associated with 
indirect extraction of Rational functions from flutter derivatives. Methodology and algorithm 
of E2RFC method, results of numerical simulation to test the method and experimentally 
obtained Rational function coefficients of a bridge deck section have been presented. 
KEYWORDS: Flutter analysis; Wind tunnel tests; System identification; Rational functions. 
INTRODUCTION 
Aeroelasticity refers to the phenomenon wherein aerodynamic forces and structural 
motions interact significantly. Flutter is an aeroelastic self-excited oscillation of a structural 
system. Scanlan and Tomko [1] developed frequency domain flutter analysis technique using 
experimentally obtained flutter derivatives. The resulting equations of motion involve 
reduced frequency-dependent flutter derivatives whose solution requires iterative procedure 
for the determination of critical flutter wind speed. Moreover, material and geometric 
nonlinearities in the structural system cannot be incorporated into the frequency domain 
flutter analysis because it is a linearized formulation that is valid for small displacements 
only. Also, the vibration suppression algorithm is not efficient in frequency domain for a 
evolving dynamic system. Time-domain flutter analysis, that uses a frequency independent 
state-space equation to represent the equations of motion, is gaining popularity in recent 
times because: (1) flutter analysis does not require iterative calculations while solving the 
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complex eigenvalue problem to determine the frequencies, damping ratios, and mode shapes 
at different velocities, (2) structural and aerodynamic nonlinearities can be incorporated in 
the analysis, (3) this formulation can be used to design efficient vibration control systems for 
suppression of flutter. In time-domain modeling, the frequency dependent aerodynamic self 
excited forces acting on the structure can be approximated in the Laplace domain by Rational 
functions. The time-domain flutter analysis through Rational function approximation (RFA) 
of the flutter derivatives was done in the aeronautical field by Roger [2], Karpel [3], Tiffany 
and Adams [4]. RFA formulation was used extensively in flutter prediction of bridges by 
Fujino et al. [5], Wilde, Fujino, and Masukawa [6], Wilde and Fujino [7], Boonyapinyo, 
Miyata, and Yamada [8], Wilde, Fujino, and Kawakami [9], Chen, Matsumoto, and Kareem 
[10,11], Omenzetter, Wilde, and Fujino [12,13], Kwon and Chang [14], Chen, Kareem, and 
Matsumoto [15], Chen and Kareem [16,17], Phongkumsing, Wilde, and Fujino [18]. 
RFA approach is a frequency-independent formulation of unsteady aerodynamic 
forces in Laplace domain that involves approximation of the experimentally obtained flutter 
derivatives through 'multilevel linear and nonlinear optimization' procedure. Roger [2] 
formulated the least-squares RFA formulation (LS-RFA) and Karpel [3] developed the 
minimum state RFA formulation (MS-RFA). Both approaches entail the experimental 
extraction of flutter derivatives for a section model which represents the span-wise section of 
the prototype structure under investigation. Flutter derivative extraction involves wind 
tunnel experiments on the section model at several wind speeds. Only after finding the flutter 
derivatives, RFA can be used for approximating the unsteady self-excited forces, thus it is an 
indirect approach. This motivated the development of a more direct approach for extracting 
the Rational function coefficients from wind tunnel measurement of aeroelastic forces and 
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displacements rather than approximating the frequency-dependent flutter derivatives. The 
current system identification technique named as Experimental extraction of Rational 
function coefficients or E2RFC method has the following advantages: 
• Lower margin of error in the estimation of the unsteady aerodynamic forces and 
flutter speed using the Rational functions approach where its coefficients are directly 
extracted as compared to use of these coefficients that are extracted indirectly from 
the flutter derivatives. 
• The mathematically complex RFA through 'multilevel linear and nonlinear 
optimization' using flutter derivatives data would be avoided. 
• The proposed method for extraction of Rational function coefficients eliminates the 
need of testing the model through a wide range of wind speeds. Testing the model at 
fewer wind speeds may lead to significant reduction in time and resources that are 
associated with the extraction of flutter derivatives and eventual use of RFA. 
• If required, flutter derivatives for the whole range of reduced frequencies can be 
obtained for relatively streamlined bodies from Rational function coefficients, thus 
avoiding the traditional procedure of obtaining flutter derivatives from wind tunnel 
testing at several wind speeds. 
The current paper focuses on the new system identification method developed for 
direct extraction of Rational function coefficients. This method has been described in detail 
for different number of lag-term cases. Numerical simulation results are presented to validate 
the effectiveness of the method. Experimental setup used for Rational function coefficients 
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extraction has been described. Finally, experimentally obtained Rational function coefficients 
are presented for a streamlined bridge deck section. 
CURRENT SYSTEM IDENTIFICATION METHOD 
Equations of motion 
In the current formulation, a section model is assumed to have two degrees of 
freedom: the vertical deflection h of the local center-of-gravity (e.g.), and the rotation a 
about that e.g. Also, m and Ia are the mass and the mass moment of inertia per unit length of 
the sectional model, respectively. ca are the damping and kh, ka are the stiffness 
coefficients of the heaving and pitching modes, respectively. The equations of motion for the 
section model in a smooth flow subjected to aeroelastic lift (Lae) and moment (Mae) can be 
written as: 
mh + cjt + khh = Lae (1) 
where p is the air density, U is the mean cross wind velocity, B is the width of section model, 
K = Bo) /U is the non-dimensional reduced frequency, co is the circular frequency of 
oscillation. The non-dimensional aerodynamic coefficients Hi and A* (i = 1,..,4) are the 
(2) 
The aeroelastic lift and moment can be written as follows: 
Lae =-0.5p U 2 B  K H * l —  +  K H ;  —  +  K 2 H * 3 a  +  K 2 H l - (3) 
M_=0.5/7[/"g" K/t;—+ KA;—+ K%a + K%- (4) 
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flutter derivatives and they evolve as functions of the reduced velocity U/fB (where/= (ti/2n is 
the frequency of oscillation). These coefficients can be determined from wind-tunnel 
experiments on section models excited by initial displacements (Gan Chowdhury and Sarkar 
[20]). 
As mentioned earlier, frequency-dependent aeroelastic forces are often transformed 
into time-dependent forces so that they can be applied in the explicit time-domain approach. 
The most common form of the approximating function for the aeroelastic force coefficients, 
used in aeronautics, is a Rational function of the non-dimensional Laplace variable p (non-
dimensional Laplace variable, p = sB/U = z'K, where non-dimensional time, s = Ut/B). For the 
two degree-of-freedom (DOF) sectional model, the equations of motion considering 
aeroelastic forces only, can be written in Laplace domain (L denotes Laplace operator) with 
zero initial conditions as: 
(M/ ([//#+ Çp([/ / g) + = K; 6^(9) = Ky 64 (5) 
where, m = mB 0 
' Q — 
chB 0" ~khB 0 " 
, K = 
.0 v . 0 O
 
~h!B 
' Y-f = 
a 
Q 
-0.5 pU2B 0 
0 0.5 pU2B2 
K 2 H *  + p.KH* K 2H* + p.KH2 
K'A/ + p.KA,' K%' + 
K 2 H 4  + î K 2 H 1 K 2 H i  + i K 2 H 2  
K'A/ + ,TCA,' 
Thus, aeroelastic lift and moment per unit length of the section model expressed in 
Laplace domain can be written as follows, where 'A' denotes the transformation in Laplace 
domain: 
-0.5/Z^g 
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K '// , + p.KU. K // , + p.KH : 
K2 A4 + p.KA, K2 A3 + p.KA2 "1 
(6) 
Approximation of the aeroelastic forces as Rational functions of Laplace variable 
allows the equations of motion to be written in a linear time invariant state-space realization. 
Two major variations of the matrix form of the Rational function approximations for the 
unsteady aerodynamic force coefficients are least-squares (LS) formulation and minimum 
state (MS) formulation. Each of these matrix formulations results in different aerodynamic 
state vectors. 
Roger [2] formulated the least-squares RFA formulation in which the approximating 
rational function is written as: 
Q ( p ) =  A 0  +  A x p +  ^ ^ A l + 1 — (7) 
M P + *i 
Each of the matrices in (7) is a square matrix, with dimensions nxn (n is the number of DOF 
for the section model). The elements of A0 and Al represent aerodynamic stiffness and 
damping, respectively. The partial fractions, (Am).. /(p + ^ ), are called lag terms as each 
represents a transfer function in which the output 'lags' behind the input and approximates 
the inherent time delays associated with unsteady aerodynamics. The coefficients, Ai, in the 
denominator of the lag terms are referred to as 'lag coefficients'. With the addition of each 
partial fraction, new states are introduced into the resulting state-space realization. These new 
states are referred to as aerodynamic states and are defined as: 
ki = L(*i ) = AM q /{p + A ) (8) 
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Each aerodynamic vector xt in (8) is of the same size as vector q. The aerodynamic states 
are states that model the fluid behavior of the incoming flow around the structure. 
By using inverse Laplace transformation, the state space realization can be written as: 
Ï 
i 1_ 
ii 0 
A. 1 O
 
-
0 o 
0 
•MS Y_fL 
o 
o 
i 
£ 
(9) 
The minimum state RFA formulation, developed by Karpel [3], allows approximation 
of the unsteady aerodynamic force coefficients with a smaller number of lag terms and 
maintains high accuracy of approximation. For this formulation, the approximating function 
is written as: 
Q ( p )  =  A 0 + A l P  +  D { p L  +  R )  l E  (10) 
R  is a diagonal matrix containing the lag term coefficients, and has dimension n / x  n/, where «/ 
is the number of lag terms. D and E are rectangular matrices of size n x nt and nt x n, 
respectively. Equation (10) can be rewritten for a single element of Q as: 
e(p)„=(A„)i+(A,v+2;(5)l,(£)6 1 (11) 
i=l * P + 4 
For each additional lag term, the size of the resulting state-space realization gets bigger only 
by one aerodynamic state. Thus, introduction of larger number of lag terms does not 
necessarily increase the state-space realization significantly. Substituting (10) into (5) and 
taking inverse Laplace transform, the state-space realization is written as: 
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Ï  i  
/ 0 0. <cL (12) 
X 0 (U/B)E ~(U/B)R X 
For flutter analysis (9) or (12) can be written in the form: 
#) = = B#) (13) 
The dynamic system is considered stable as long as all eigenvalues of B matrix lie on the 
left-hand side of the complex plane. Wind velocity is increased until one of the eigenvalues 
has a zero real part which indicates zero damping thus indicating the onset of flutter. Thus, 
the wind velocity which produces the neutrally stable condition is termed as flutter velocity. 
The flutter frequency and flutter mode shape are determined from the eigenvalue and 
eigenvector at this critical wind speed. 
Experimental Extraction of Rational Function Coefficients (E2RFC) Formulation 
The number of partial fractions (ni) used for RFA is based on a compromise between 
the approximation and the size of the state-space realization. For a streamlined cross-section, 
RFA with one or two lag terms is sufficient (Fujino et al. [5]). The current formulation has 
been done for both one and two lag-terms cases. 
One Lag Term Formulation 
Considering one lag term for a two-DOF system (n = 2) in (10): 
Q(p)  =  Qu Q\2 
Ql\ Qll. •Ao
+A I P  +  
A 11 
a 21 
lEu En]-A0 + AlP + 
p + A p + A 
F\\ ^12 
^2, 
(14) 
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Substituting (14) in (6) and rearranging: 
9 (15) 
<7 (16) 
where, VL = -0.5pU2B ,VM - 0.5pU2B2, F_ = DxE\ elements of A0, A, and Fare the 
Rational function coefficients and A is the lag coefficient. 
Multiplying both sides of (15) and (16) by the denominator term ( p  +  A ) ,  rearranging 
and 'inverse Laplace transforming': 
U 
=
—'- 
+ 
—
2
- 
+ 
—
3
- (17) 
U 
where, y / k ( k  =  1,2,..,6) are row vectors containing unknown Rational function coefficients 
that are listed in Appendix I (A.l). 
During the numerical simulation for testing the E2RFC formulation, it was found that 
the second or higher order displacement derivative vectors (q, q, etc.) manifested 
redundancy and thus could not be used for system identification of the Rational function 
coefficients. To circumvent this problem, aeroelastically modified equations of motion were 
used to replace the second or higher order displacement vector derivative. The 
aeroelastically modified equations of motion, where the external aeroelastic force and 
moment given in (1) - (4) are combined with their mechanical counterparts, can be written as: 
L....-V, (A0)u +(A,)np + — 
P + /1 
(Ao)l2 + (Al )l2 P + F, 12 
P + 4 
M„„ =V, M (Ao )21 + Ul )21 P + 21 (A0)22 +(AI)22P+— 
I P + 4 
(19) 
The aeroelastically-modified equations of motion can be represented as the state-space 
where and fC'JI are the aeroelastically modified effective damping and stiffness matrices 
(size nxn), respectively. These matrices were identified through section model wind tunnel 
testing at various wind speeds by using Iterative least squares (ILS) method (Gan Chowdhury 
and Sarkar [19,20]). 
Rewriting (17) and (18), where the second order displacement derivative vector q is 
replaced by terms containing q and q using (19): 
model: 
X_ = AX_ where, X_ (20) 
(21a) 
Rewriting (2la), 
h— [q q ~Lae\1 -SÈz.b q -Lae]T 
B — - ~ 
(21b) 
where is defined in Appendix I (A.3). 
Similarly, 
(22a) 
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Rewriting (22a), 
M „„ = 6  < 7  - M a e ] T  =  < & M [ q  q  - M a  J '  
(22b) 
where Om is defined in Appendix I (A.4). 
Thus, equations (21b) and (22b) can be represented in the general form: 
Fae k ~ Fae\T ' Fae = Lae °r Mae ' SÈ = SËz. °r —A/ (23) 
Fluctuating surface pressures on a section model can be measured in the wind tunnel 
along with the displacement time histories for any arbitrary wind speed. These surface 
pressures can then be numerically integrated to generate the unsteady lift and moment time 
histories. The system identification method involves digital filtering of these lift and moment 
time histories (assumed noisy) and approximation of their higher derivatives using finite 
difference formulation. Using Ç^and ^ matrices obtained with the ILS method [20], and 
the initial displacement conditions for the section model as recorded, displacement time 
histories and their derivatives can be generated numerically by solving (20). The digitally 
filtered lift and moment time histories and their derivatives, as obtained from the original 
pressure data, and the numerically generated displacement time histories and their derivatives 
are used in the E2RFC algorithm (described later) for identification of 0 matrix (23) whose 
elements are cpq(p = l,2;q = l,..,4) and X. Elements cpq(p = l,2;q = l,..,4) are given as (A.5) 
and (A. 8) in Appendix I. 
cPq(P =1,2;? = 1,..,4) and 0 p r ( p  =  l , 2 ; r  =  l , 2 , . . , n g ) ,  can be related as given by (A.6) and (A.9) 
in Appendix I, and represented in the general form: 
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c = Qû (24) 
The sizes of c, O, 6 are (2n x I), (2nx ne), (ne x 1), respectively, where ng = n (m + 2). For a 
two-DOF case where one lag term is used, the sizes are (4x1), (4x6), (6x1), respectively. In 
each of the equations (A.6) and (A.9) in Appendix I, there are n# = 6 unknowns, 
namely, 6pr (p = 1 or 2; r = 1,2,.., ne ), to solve for. Thus, testing of the model at any two 
arbitrary wind speeds (less than the flutter wind speed) would generate eight equations 
corresponding to cL or cM (A.7 or A. 10) that can be used to solve all the six unknown 6pr 
elements. Testing at more than two velocities will generate more accurate results if a least-
squares fitting method is used. When 'Af number of wind speeds is considered the sizes of 
c, Q,_gbecome (2nM x 1), (2nM x ne), (ne x I), respectively. Rational function coefficients 
and the lag term can be derived from the elements dpr(p = lor2;r = 1,2,..,nd) using (A. 11) 
to (A. 15) as given in Appendix I. 
If needed, flutter derivatives (for any range of reduced velocity, RV = 2k IK) can be 
calculated from the Rational function coefficients and the lag term using the following: 
=imag(Gll)/K^;^; =:mag(812)/K";/f; =rga/(812)/K^;^ =reo/(611)/K^ (25) 
A,* =:mag(G21)/K";A;=!mag(G22)/K';A; = rgoZ(G22)/K';A;=rgaZ(G21)/K^ (26) 
where, K  =  2 tt/ R V ,  p - i K and elements of Rational function are as given by 
matrix Q(p) defined in (14). 
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Two Lag Terms Formulation 
The formulation with two lag terms can be carried out following the same procedure 
as the one lag-term case. Considering two lag terms for (10): 
2,2" 
_En £'12_ 
(Â))ii+p(Â)i1 +^1i/(p + /0 + 'Fi2/(p + /U (Ao)i2 +A4)l2 +Gn/{p + ^ )+ Gl2/(p + 
{A o )2I + p(A  1 )2] + ^21 / { p  + À ^  + F l l /iP + A ï )  (Ao)22+ À A l  )22 +G21/(p + /i1) + G22/(p + /^)_ 
(27) 
Substituting (27) in (6) and rearranging we get: 
Ke = 
^L[(A)II+^1)11+^ii/(p+4)+^i2/(^+4) (A))n+F(Âi)n+GJ(P+^)+G\2l(p+Ki\ Q 
(28) 
^M[(AO)21+p(AI)21+^2I/(/7 + ^ ) + ^ 22/(P + ^ ) iâi))22+Àâl)22 + G2\l(P + \)+G2AP + ^ l\ | 
(29) 
where, VL = -0.5pU2Band VM =0.5pU2B2. 
Multiplying both sides of (28) and (29) by the term(p + Al)(p + A2), rearranging and 
'inverse Laplace transforming': 
Lae+°2Lae +^Lae + + + (30) 
<2(p) = 611 Q \ 2  
Q i\ Q22 - Ao 
+ A i P  + 
Dn Dn 
D21 D22 
VlP+À) 0 
0 \/(p + A2 ) 
where, (Xj — (w ) A^, @2 — *)A^, Ay — Ax -i~ A2, A^ — A^A2. 
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y/ {k =1,2,..,8) are row vectors containing unknown Rational function coefficients that are 
listed in Appendix I (A. 16). 
Rewriting (30) and (31 ), where the second order displacement derivative vector Q is 
replaced by terms containing q and q using (19): 
L + = 
fe, - ¥,K-" + r 4 c" K-" ) q + ^  2 - Y, Ç* + f J(c'# )2 - K' q 
(32a) 
Rewriting (32a), 
£ ~Lae ~Laef (32b) 
where Ol is defined in Appendix I (A. 18). 
Similarly, 
fes - & K"* + rs£"# r# ) q+(r 6 - r, C" + r, ((e'# )2-r#))» 
(33a) 
Rewriting (33 a), 
M a e = ® u [ q  q  ~ M a e  -  M  aeY (33b) 
where is defined in Appendix I (A. 19). 
Thus, equations (32b) and (33b) can be represented in the general form: 
Fae =5&b q - Fae ~ Ke\ T ' Fae = Lae or M ae, O = or (34) 
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After generating the lift/moment and displacement time histories and their derivatives 
(as described in the one lag term formulation case), E2RFC algorithm (described later) can 
be used for identification of O matrix (34) whose elements are cpq(p = 1,2 \q = 1,..,4) ,(Jl,<J2. 
Elements cpc/(p = l,2;q = l,..,4) are given as (A. 20) and (A.22) in Appendix I. 
cpq(p =1,2;= 1,..,4) and 0pr(p = l,2;r = l,2,..,ne), can be related as given by (A.21) and 
(A.23) in Appendix I, and represented in the general form as (24). 
For 2-DOF case using two lag terms, the sizes of c, Q,0 are (4x1), (4x8), (8x1) 
respectively. In each of the equations (A.21) and (A.23) in Appendix I, there are ng=8 
unknowns, namely,6pr(p = 1,2; r = 1,2,..,f^),to solve for. Thus, testing of the model at any 
two arbitrary wind speeds (less than the flutter wind speed) would generate eight equations 
corresponding to cL or cM that can be used to solve all the eight unknown 6pr elements. 
Testing at few more velocities will generate more accurate results if a least square fitting 
method is used. When 'M' number of wind speeds is considered the sizes of c, Q,6 become 
(2nMxl), (2nMxne), (ngxl) respectively. Rational function coefficients and the lag terms can 
be derived from the elements 0pr(p = 1,2;r = l,2,..,ne) using (A.24) to (A.28) as given in 
Appendix I. If needed, flutter derivatives can be calculated from the Rational function 
coefficients from the relations stated earlier in (25) and (26). 
Algorithm for E2RFC Method 
For using the E2RFC approach, the aeroelastic pressures associated with free 
vibration displacement time histories are measured for section model wind tunnel testing at 
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different wind speeds. The aeroelastic lift and moment time histories obtained by spacial 
integration of the unsteady surface pressures on the section model using the trapezoidal rule. 
The unsteady forces, thus obtained, are expected to be noisy due to possible noise 
components in the pressure data because of turbulence in the flow and limited accuracy of 
the pressure transducers. The E2RFC method involves digital filtering of noisy lift/moment 
time histories by using low pass 'Butterworth' filter through MATLAB programming. Thus, 
high-frequency noise components (if any) are removed numerically. Higher derivatives of 
lift/moment are generated numerically through finite difference formulation. 
Noise-free displacement time histories and their derivatives are then used as inputs 
for the E2RFC algorithm. Using the ILS method [19,20], and matrices (for several 
wind speeds) are extracted from the noisy displacement time histories recorded during the 
wind tunnel experiments. The displacement initial conditions are used to generate the pseudo 
displacement time histories and their derivatives (relatively noise free) by solving the state-
space representation (20) of the aeroelastically modified equations of motion. After 
generating the lift/moment and displacement time histories and their derivatives for 'M' 
number of wind speeds, the E2RFC algorithm can be used for identification of all the 
unknown rational function coefficients and the lag terms based on the formulations described 
earlier. 
Based on the E2RFC approach, a computer code has been developed to identify the 
Rational function coefficients and lag terms for section model tests. The algorithm has been 
written for one and two lag term cases and is effectively described as follows: 
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FOR A SET OF WIND SPEEDS (NUMBER OF WIND SPEEDS: M  > 2 )  
(i) OBTAIN DISPLACEMENT TIME HISTORIES, q [SIZE n x (N+4)]\ (ii) OBTAIN 
FLUCTUATING PRESSURE TIME HISTORIES AND GET FLUCTUATING LIFT OR 
MOMENT [SIZE 1 x (N+4)} 
OBTAIN Ç11 ,fC'" MATRICES (SIZE rucn) FROM DISPLACEMNENT TIME 
HISTORIES BY USING THE ILS METHOD (Gan Chowdhury and Sarkar [19, 20]) 
OBTAIN NOISE-FREE DISPLACEMNT, VELOCITY TIME HISTORIES ( q , q ) FROM 
INITIAL CONDITIONS BY SOLVING EQ. (20) AND TRUNCATING TIME HISTORIES 
TO SIZE TV 
PERFORM ZERO-PHASE DIGITAL FILTERING ON NOISY LIFT OR MOMENT TIME 
HISTORIES. OBTAIN DERIVATIVES OF LIFT OR MOMENT TIME 
HISTORIES, F = L or M [SIZE 1 x N], BY FINITE DIFFERENCE FORMULATION 
GENERATE INITIAL <D (OL0ROM ) VECTOR [SIZE 1 x (2n+n,)] BY METHOD OF LEAST 
SQUARES USING EQ. (23) AND EQ. (34), FOR 1 AND 2-LAG TERMS CASES, 
RESPECTIVELY 
i 
OBTAIN NUMERICALLY GENERATED LIFT OR MOMENT TIME 
HISTORY, Fae = Lae or Mae, [SIZE 1 x (N+4)], BY SOLVING THE DIFFERNETIAL 
EQUATIONS (21 a,22a) AND (32a,33a) FOR 1 AND 2-LAG TERMS CASES, RESPECTIVELY, 
USING ELEMENTS OF <t>, OROm VECTOR AND THE INITIAL CONDITIONS FOR LIFT 
OR MOMENT. TRUNCATE TIME HISTORY TO SIZE 1 x N. 
UPDATE O (Ol0ROw ) VECTOR BY APPLYING LEAST SQUARES ON EQ. (23) AND 
EQ. (34) FOR 1 AND 2-LAG TERMS CASES, RESPECTIVELY: 
q  - L a e \ T > X 2 = \ < l  i  - K a e V  WHERE 
WHERE Z ^ y q  i  - F a e ~ F e  '^2 = 
[SIZE (2n+n t) x N] 
q  q  - L a e - L a  
(continued) 
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GENERATE THE LAG TERMS AND RATIONAL FUNCTION COEFFICIENTS BY USING 
EQ. (A.11-A.15) AND (A.24-A.28) FOR 1 AND 2-LAG TERMS CASES RESPECTIVELY 
GENERATE d [SIZE n ( )xl, where, ng=n(n,i+2)] VALUES BY METHOD OF LEAST 
SQUARES USING EQ. (24): 6 = (çf o) ' (Q1 ç). 
CALCULATE THE RESIDUALS, Ry  = abs(®l - O*-1 ), g DENOTES ITERATION 
LEVEL, y 2n+nt. ITERATE (GO TO 6) TILL THE CONVERGENCE OF 0 
VECTOR. CRITERIA FOR CONVERGENCE, max(ftv ) < 10~4 • 
EXPERIMENTAL SETUP AND METHODOLOGY 
Component Description and Assembly of the Elastic Suspension System 
A three-DOF elastic suspension system (Fig. la) has been developed and built for 
testing at the Wind Simulation and Testing (WiST) Laboratory, Department of Aerospace 
Engineering, Iowa State University. This system enables simultaneous vertical, horizontal, 
and torsional motion of the suspended model. The system comprise of six cylindrical-
pneumatic bushing assemblies supported by six polished steel shafts (New Way Machine 
Components, Inc.4, parts number S301901) - three bushing assemblies and three shafts at 
each end of the system; two bushing assemblies on two parallel vertical shafts and one 
bushing assembly on a horizontal shaft. Each end of the horizontal shaft is attached to the 
vertical bushings. The suspension system uses extension springs, as shown in Fig. la, for 
allowing the section model to vibrate in vertical and lateral directions. The extension springs 
were supplied by Associated Spring Raymond (a division of Barnes Group, Inc.5). Extension 
4 New Way Machine Components, Inc., http://www.newwavbearings.com/ 
5 Associated Spring Raymond, a division of Barnes Group, Inc., http://www.asravmond.com/ 
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springs, with particular configurations, were chosen to undergo large deflections. The 
torsional motion of the system is generated using two torsional-assemblies (Fig. la) on each 
side of the system. The torsional-assemblies allow the model to undergo rotational motion 
under wind loading and the torque-sensor measures the elastic moment. Elaborate details of 
the suspension system have been presented by Sarkar, Gan Chowdhury, and Gardner [21]. 
For wind tunnel testing, a streamlined bridge deck section model (Fig. la) was used. The 
bridge deck model represented a shallow box girder section with semi-circular fairings for 
the edges. The thickness-to-chord ratio is seven percent for the bridge model. The model is 
about 0.6 m long with a chord length of about 0.3 m. Two Plexiglas end plates are used to 
reduce aerodynamic end effects for the model. An aluminum shaft running through the model 
is supported on high precision ball bearings at two ends. The shaft is connected to the 
torsional assembly at both ends to facilitate the rotational DOF. For the experiments 
described in the current paper, only the vertical and torsional DOFs were used, and the lateral 
DOF was restrained. For the bridge deck model, the measured vertical and torsional natural 
frequencies were //, =2.49 Hz and /. =4.23 Hz, respectively. The total mass of the section 
model and the components of the suspension system vibrating in vertical direction was 10.6 
kg; mass per unit length was m = 19.987 kg/m. The mass moment of inertia in the torsional 
direction was 4.9xl0"2 kg-m2; mass moment of inertia per unit length was Ia - 0.09305 kg-
m. For the experiments conducted, critical damping ratios (mechanical) were £h = 0.48% for 
the vertical motion and £a = 1.88% for the torsional motion. 
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Elastic Force and Torque Measurement System 
The elastic spring force, as generated by the linear vertical motion, needed to be 
measured to get the displacement time histories. These force measurements were 
accomplished with strain gage force transducers (Transducer Techniques6, MLP-XX model, 
where XX is the required capacity as per the application) applied to two of the spring 
attachment points (out of a maximum of sixteen springs) at the end of the polished shafts. 
Miniature load cells with 111 N (25 lb) capacities were used as force transducers. For 
measuring the elastic moment proportional to the generated torsional motion a torque-sensor 
was fixed to the back wall of one of the two torsional-assemblies. The front end of the torque 
sensor was connected to the rigid bottom bar, and thus it can measure the torque produced by 
the pair of springs. A low-capacity light-weight torque sensor (Transducer Techniques, TRT-
100 model) with a capacity of 11.29 N-m (100 lb-in.) was used for the experiments discussed 
in the current paper. Lab View (National Instruments) was used for displacement data 
acquisition from wind tunnel experiments. 
Fluctuating Pressure Measurement 
Pressure taps were placed on the upper and lower surfaces of the streamlined bridge 
section model along the mid-plane as shown in Fig. 2a,b. Thirty-two pressure taps were used 
for the current study, with sixteen on each of the two surfaces of the model. Two Scanivalve7 
pressure transducers (Digital Sensor Array or DSA 3217, 16 Channel) were used for 
measuring the fluctuating surface pressures on the model. The DSA 3217 (Fig. 2a) is a stand 
6 Transducer Techniques, http://www.transducertechniques.com/ 
7 Scanivalve Corp., http://www.scanivalve.com/ 
122 
alone temperature compensated electronic pressure scanner with a pressure range of ±10 
inches of H20. Each DSA incorporates sixteen individual, temperature compensated, 
piezoresistive pressure sensors with an A/D converter and a microprocessor to create an 
intelligent pressure scanner. The data acquisition rate for the scanner is 200 
samples/channel/sec. A support program for the DSA module, the Binary Telnet program or 
BTEL.EXE, was used for pressure data acquisition. BTEL can receive BINARY formatted 
data from a DSA module and save them to a file. BTEL also supports post processing of the 
binary data to an ASCII format compatible with the spreadsheet programs. The data 
acquisition (Fig. 2c), using Lab View for displacement and BTEL for pressure, were 
facilitated with two Windows NT-based PCs. 
Methodology 
Free vibration technique was used for the section model testing in the wind tunnel. 
An electromagnetic system was designed to provide desired initial displacement conditions 
to the model and then release it to undergo oscillatory motions. The initial conditions were 
provided through high strength thin spectra cables. One end of each cable was connected to 
the model end plate and the other end was wrapped around a pulley fixed on an aluminum 
shaft. Cranks were used for rotating the shafts to pull down the cables by specific amounts. 
The section model could be displaced to a position such that the desired initial conditions 
were imposed. Each cable was then clamped between a plate and an electromagnet. All the 
cables were clamped to attain the initial conditions. A single switch was used to turn off all 
the magnets simultaneously to allow the model to vibrate starting from the initial displaced 
position. Displacement and fluctuating pressure data were acquired for the section motion 
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vibrating at a specified wind speed. Thus displacement and fluctuating pressure time histories 
were thus measured for different wind speeds and the data was later used for the system 
identification algorithm to generate the results. 
RESULTS AND DISCUSSIONS 
Numerical simulation using E2RFC method 
The purpose of the numerical simulation was to testify the efficiency of E2RFC 
formulation in extracting the Rational function coefficients. E2RFC method was 
programmed and tested for typical one and two-DOF dynamic system where two lag terms 
formulation was used for each case. Cases with different noise-to-signal ratios for aeroelastic 
forces were considered during numerical simulation. For the numerical simulation, known 
Rational function coefficients (MS-RFA) [7] for a bridge deck cross-section were used to 
generate the unsteady aeroelastic forces for given displacement time histories. The 
aeroelastic forces thus obtained were contaminated with Gaussian white noise. MATLAB 
was used for zero-phase digital filtering of the noisy aeroelastic lift/moment time history. A 
low-pass digital 'Butterworth' filter was built for this purpose. The cutoff frequency for the 
filter can be estimated from the knowledge of approximate zero-wind speed frequencies of 
the dynamic system. The filtered aeroelastic force data was used to generate higher order 
derivatives by finite difference formulation. The aeroelastic forces, generated due the motion 
of the model, were expected to have similar frequency content as the displacements. Thus, 
ideally the cut-off frequency can be estimated from the knowledge of approximate 
aeroelastically modified frequencies of the dynamic system. However, during the numerical 
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simulations it has been observed that higher values of cut-off frequencies are needed to 
achieve convergence. This is in contrary to the ILS algorithm (for generating Ce^ and K^'[f 
matrices from free vibration noisy displacement time histories at various wind speeds) where 
the cut-off frequency for filtering noisy displacement time histories was chosen slightly 
higher than the maximum zero-wind speed natural frequency of the dynamic system. Also 
'Windowing' operation, as used in the ILS method, has been found to be unsuitable for 
E2RFC approach. After extensive parameter studies, cut-off frequencies of 20 Hz and 35 Hz 
were found to be optimum for numerical simulations of one and two-DOF cases. Thus, an 
optimum estimate for the cut-off frequency can be taken as 8 to 10 times of the highest 
modal frequency of the displacement time histories (for current experiments which are 2.49 
Hz and 4.23 Hz for one and two-DOF cases, respectively). As mentioned earlier, noise-free 
displacement time histories and their derivatives, needed for E2RFC algorithm, are generated 
from displacement initial conditions after extracting and matrices (for different wind 
speeds) using the ILS method. 
For the numerical simulations, 5% and 2% noise were added to the aerolastic forces 
(generated from known MS-RFA coefficients), for one-DOF and two-DOF cases, 
respectively. and matrices were generated for different wind speeds using the flutter 
derivative data available for the bridge cross-section. Three wind speeds were used for one-
DOF case and five wind speeds were used for the two-DOF case. The results of the 
numerical simulations are plotted in Fig. 3 for both one and two-DOF cases. A comparison 
between RFA obtained from flutter derivatives using MS-RFA technique [7] and RFA 
obtained using the E2RFC technique, is shown in the plots. Good agreement between the 
MS-RFA and RFA obtained from numerically generated data bolsters the adequacy of the 
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E2RFC technique in generating the Rational function coefficients from moderately low noise 
contaminated aeroelastic force time histories and corresponding displacements. 
Flutter speed and flutter frequency for the section model were calculated using both 
experimental flutter derivatives and numerically simulated RFA. Comparison between the 
results obtained by frequency domain and time domain methods is shown in Table 1. The 
parameters used for flutter analysis are as follows: fh = 3.13 Hz, fa = 5.51 Hz, Çh = 0.0040, 
Ça = 0.0100, m = 17.2139 kg/m, Ia = 0.1141 kg-m, B = 0.3 m, p = 1.23 kg/m3. Close 
agreement between the results obtained from the two methods depicts the effectiveness of 
E2RFC method in extracting Rational function coefficients and using them for flutter 
analysis. 
Experimental results using E2RFC method 
Experimentally obtained RFA results are presented in this section. The aeroelastic 
forces were generated by integration of surface pressure on the bridge deck model for 
different wind speed cases. Fluctuating noisy lift forces per unit length of the model for one-
DOF testing have been plotted for wind speeds 9.55 m/sec and 11.06 m/sec in Fig. 4a, 4b. 
Power spectrum of each lift force time history (Fig. 4c, 4d) shows the peak value 
corresponding to dominating frequency of the lift force. Fluctuating noisy lift forces per unit 
length of the model for two-DOF testing have been plotted for wind speeds 8.13 m/sec, 9.55 
m/sec and 11.06 m/sec in Fig. 5. Fluctuating moment per unit length of the model for two-
DOF testing for three different wind speeds are shown in Fig. 6. Power spectra of aeroelastic 
lift and moment are shown in Fig. 7. Two distinct frequency contents are noted for the two-
DOF lift and moment power spectra. 
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A sampling rate of 200 Hz was used for obtaining the fluctuating pressure and 
displacement time histories at different wind velocities. The number of sample points, N+4 
was taken as 604 for each time history. This number was chosen for truncating the time 
histories such that the amplitude levels of the decaying force or moment time histories 
remain above a certain fixed level to avoid high background noise-to-signal ratio. Finite 
difference formulation (central-difference with truncation error T.E.=0[(At)2]) was used to 
obtain the higher-order derivative time histories from the digitally filtered lift/moment data. 
Rational function coefficients were then extracted using the E2RFC program. Flutter 
derivatives associated with vertical-torsional motion were also extracted through the ILS 
method and compared with those calculated from experimentally obtained RFA. The 
experimentally obtained Rational function coefficients were successfully obtained for the one 
lag term case, but convergence was not achieved for the two lag term formulation because of 
critically high level of noise in the data that could be present. The experimental RFA results 
for vertical-DOF are shown in Fig. 8a. Experimental data for two wind speeds 9.55 m/sec 
and 11.06 m/sec were used for the Rational function coefficients extraction. For the vertical-
DOF case, Q11 has been plotted along with the data obtained from vertical flutter derivatives 
HI* and H4*. Flutter derivates were back calculated using the experimentally obtained 
Rational function coefficients and compared with the experimental flutter derivates in Fig. 
8b. The experimental RFA results for two-DOF are shown in Fig. 9. Experimental data for 
three wind speeds 8.13 m/sec, 9.55 m/sec and 11.06 m/sec are used for the Rational function 
coefficients extraction. For the vertical-torsional-DOF case, Qll, Q12, Q21, Q22 are plotted 
along with the tabular data obtained from the eight flutter derivatives (namely, HI*, H2*, 
H3*, H4*, A t *, A2*, A3*, A4*). The eight flutter derivates are back calculated from the 
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experimental Rational function coefficients by using Eqs. (25,26) and compared with the 
experimental flutter derivates in Fig. 10, 11. Comparison between RFA obtained from flutter 
derivatives (MS-RFA, [7]) and experimental RFA has been shown in the plots. Good 
agreement between the MS-RFA and experimentally simulated RFA bolsters the adequacy of 
the E2RFC technique in generating the Rational function coefficients from moderately low 
noise contaminated aeroelastic force time histories and corresponding displacements. 
Flutter analysis for the section model was performed using both experimental flutter 
derivatives and experimental RFA. The parameters used for flutter analysis are as follows: 
fh= 2.49 Hz, /> 4.23 Hz, Çh = 0.0048, ^=0.0190, m = 19.987 kg/m, Ia= 0.09305 kg-m, 
B = 0.3 m, p= 1.23 kg/ m3. Comparison between the flutter speed and frequency thus 
obtained by frequency domain and time domain methods is shown in Table 2. The variation 
in flutter speed and frequency are about 3.2% and 1.7%, respectively. Thus, a good estimate 
of flutter speed can be obtained with experimentally obtained Rational function coefficients. 
One lag term formulation for a streamlined bridge deck section model has been found to be 
adequate for generating reasonably accurate flutter speed and frequency. 
Discussion on future work 
Successful numerical simulation of E2RFC formulation with two lag terms 
ascertained the possibility of experimentally extracting Rational function coefficients 
associated with formulation involving more than one lag term. Thus future research should 
attempt for experimental extraction of Rational function coefficients through E2RFC 
formulation for more than one lag term. Experimental extraction of Rational function 
coefficients through E2RFC formulation for more than one lag term can be made possible by: 
(1) reducing the noise level in the aeroelastic force data by using better numerical integration 
techniques or pressure transducers with high resolution and sampling rates, (2) installing 
proper triggering system to accurately capture the initiation of the aeroelastic forces with the 
displacements. 
It is important to note that for LS-RFA and MS-RFA formulation, the aeroelastic 
forces are approximated using Rational functions of Laplace variable. Incorporation of more 
than one lag term is practiced in these formulations for achieving better approximation of the 
unsteady aerodynamic forces. But for the E2RFC formulation (with one or more lag term), 
the actual aeroelastic forces generated during vibration were captured through experiments 
and were used for extracting Rational function coefficients. Thus even one leg term 
formulation could be adequate for generating the Rational function coefficients required for 
performing accurate time-domain flutter analysis. Thus for E2RFC formulation, addition of 
more lag terms may not prove be as effective as it is for LS-RFA and MS-RFA method 
where aeroelastic forces are closely approximated by Rational functions and number of lag 
term plays an important role in determining the accuracy of such approximation. 
CONCLUSIONS 
A new system identification technique (Experimental extraction of Rational function 
coefficients or E2RFC), for directly extracting the Rational function coefficients from wind 
tunnel testing, has been presented. This direct method eliminates the need for extraction of 
flutter derivatives and eventual approximation of aeroelastic forces by Rational functions as 
was done in the recent past by using LS-RFA and MS-RFA. The E2RFC formulation 
requires testing of the model at fewer numbers of velocities. This may lead to significant 
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reduction in time and resources associated with extraction of flutter derivatives and using that 
data for Rational function approximation. Flutter derivatives, if needed, can be generated 
from the experimentally obtained Rational function coefficients. This method of flutter 
derivative generation can avoid the testing of model at several wind speeds which is the usual 
way of determining the derivatives directly from section model free vibration studies. 
However, caution needs to be exercised to use flutter derivatives obtained indirectly from 
RFA coefficients for bluff sections. 
Successful numerical simulation of E2RFC formulation with two lag terms has been 
presented. Experimental extraction of Rational function coefficients associated with one lag 
term formulation has been made for a streamlined bridge deck section model. Section model 
flutter analysis results have been furnished to compare between frequency domain, MS-RFA, 
and experimental RFA (E2RFC) approaches. Future work about the experimental extraction 
of Rational function coefficients associated with formulation involving more than one lag 
term was discussed. Since for the E2RFC formulation (with one or more lag term), the actual 
aeroelastic forces generated during vibration were measured through experiments and were 
used for extracting Rational function coefficients, addition of more lag terms may not prove 
be as effective as it is for LS-RFA and MS-RFA method where aeroelastic forces are closely 
approximated by Rational functions and number of lag term plays an important role in 
determining the accuracy of such approximation. 
APPENDIX I 
One Lag Term Formulation 
The row vectors, w (k = 1,2,..,6), containing unknown Rational function coefficients that are 
listed as: 
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^i=v,((/M(2(A„)h + Fii) UtA^ + f-J^y/sK 0l2] = k s12] 
f_2 =vt[(U»)u +A(à,)u) I'd..) ; - 'iiâ ),:)!= l', te- J = |e. ê„] 
r,=V1(6/t/)l(A,)„ (A,)l2] = VL(B/yl6„ 6,J=[»„ #,J 
E . = v u { u / B i ( M â o ) 2 l  +  F 2 l )  U ( A 0 ) 2 ! + F 2 1 ) ]  =  v „ ( y / B ï e 2 l  a 2 ] = [ s 2 I  S ,  
K 5  = [((AO)2I +  ^ -(AI )2I ) l (  A ,  +  / i (  A  |  )  ,  | ]  =  V ' w  [ # , .  ^24]=[^23 \ 
r6 = v „(B/i/)[(A,)21 (A, ) 2 2 ] = v„(B/(/)(eB e26]=[ê2, 4,] 
Aeroelastic forces and moments are formulated as 
^ =4, or 0 = OL or 
(A.1) 
(A.2) 
0Land are given as: 
O, 
u_ 
B 
[cn C12 Cj3 c14 A ] (A.3) 
= 
— [c21 C22 C23 C24 A'] (A.4) 
The cM(p = l;<7 = l,..,4) elements of 0Lare given in terms of0pr(/? = l;r = 1,2,..,ne), nd= 6 
defined in (A.I): 
-ii 
'12 
"13 
=4-(«„*,?+®,.jrçf) 
= ê12-(s„K,f 
= 4-feQf +4csf) 
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Cw = ^14 - + ^ 16^ ) 
(A.5) 
Using (A.l) and ( A . 5 ) , c p q  ( p  = l;g = 1,..,4) and <9pr(p = l;/- = l,2,..,ne), n e  = 6, can be related 
as: 
C11 
C12 II <
 
Ctt 
C14. 
u 0 0 0 
0 u 0 0 
0  0  1 0  
0 0 0 1 
' /u -
- K n l 1 1 '  ~  
- C j f  j u  -
\0U 
Cf/»' 
Cg/w' 
0, 12 
0 13 (A.6) 
14 
15 
16.  
where u  = U / B  .  
Equation (A.6) can be rewritten in the form: 
£ l  =QL&L (A-7) 
Similarly c p q ( p  =  2 ; q  =  l , . . , 4 )  elements of 0^ are given in terms of0pr(p = 2;r = l,2,..,ne), 
n& = 6, defined in (A.l): 
^2i = ^21 - (^25 + ^ 26^f ) 
^22 = ^22 - + ^ 26^ ) 
^23 = ^23 -(^25^,f +#26^ ) 
^24 = ^24 - (^25^ + ) 
(A.8) 
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Using (A.l) and (A.8),cp A p  =  2 \ q  =  \ , . . A )  and d(p = 2\r = \,2,..,ne), ne=6, can be related 
as: 
C21 
^22 II 
^23 
c24 
u 0 0 0 
0 u 0 0 
0  0  1 0  
0 0 0 1 
Kfju  
• C t f / u  
C'Hu 
-Kfi !"' 
-K'Hu 
-Cf ju '  
-Cf 2  ju  
621 
An 
23 
24 
25 
26 
(A.9) 
Equation (A.9) can be rewritten in the form: 
£ m  = q m ê m  (A. 10) 
Rational function coefficients and the lag term can be derived from the 
elements9pr (p = 1,2; r = 1,2,..,ng), ng =6, using the following relations: 
A - A ' / u  (A.11) 
Gii)i, =0i5; (4L =0i6 ; (Ao )„ = ^i3 -  A  ( A i ) n  ; (a0)12 = 014 - A(A, )]2 (A.12) 
FU = 0N -A(A0)U; F12 = 012 - A(A0 )12 (A. 13) 
(A, )21 = #25 ; Gil )22 = &26 ; (Ao )21 = ^23 - A(Ai )21 ; (A0 )22 = 024 - A{AX )22 (A. 14) 
F21 = <92, -A(A0)2] ; F22 = e22 - A(A0 )22 (A. 15) 
Two Lag Term Formulation 
The row vectors, y/ (k -1,2,..,8), containing unknown Rational function coefficients that are 
listed as: 
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= vX(//a% W,, +4^., +^,^.2) (4, W,2 +4G„ + A,G,J] 
= y,([//g)'k, <9,J 
W_2 = l^(^ /5)[(^ 3(4o)ii + /^ (Al)ii +^ 11 +^ 12) (^ 3 (Ao )l2 +^ 4(^ 1)12 + G11 + Gn )] 
=y,(c/M^ 6U=&, <9,J 
w_3 = vl [(do )l, +^3 (Al )ll (A0 )l2 + K (A, )l2 ] = vl [#15 #16 ] = [^ 15 1^6 ] 
^=y,(a/[/X(Ai)n (A,)n]=^W^X^ ^]=K <U 
W_5 =Vm(U /H)2 [(^4 (Ao )21 + ^ 2^21 +^-1^22) U4 (Ao )22 + KG2\ +4^22 )] 
^]=K 
W_6 = VM (U/(Ao L + K (Al )2| + '^21 + 2^2 ) (A (Ao )22 + K (Al )22 + G21 + G22 )] 
= y m (u/S)[^23 ^24 ] = [#23 ^24 ] 
^7 ~ Kw [(Ao )21 + ^ 3 (Al )21 (Ao )22 + ^ 3 (Al )22 ] = Kv [^25 ^26 ] = [^25 ^26 ] 
Eg=^W(/X(A,)z, (AiL] = ^ W^X^ ^]=[^ êj 
(A.16) 
Aeroelastic forces and moments are formulated as 
Fae =<k[g i - Fae - Fae f, Fae = Lae or Mae, O = Ol or Om (A. 17) 
0Land are given as: 
SÈL — [tjjl vi2 f2 ]— [C11 C12 C13 C14 ^1 ^2] (A.18) 
where, 
^ 1 1 = k  ^  ) ,  ^ 2 = k  + ^ 4 6 ^ ) ,  
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Pe Ke 
— M — \Hu —22 <^1 ^21 — [C2I C22 C23 C24 ^1 ^2] 
where, 
^21 =k-^7^+^s^)' ^ 22 
The cw(p = l;ç = l,..,4) elements of O^are given as: 
c„ =e„ -(4K,f +4jqf KM? +4< ) 
c,2 =4 -fcf.î +4** )+(6„f,f+ë,,/",?) 
=4 - (4c,f + è„c2i )+(4e,T + 4e2? ) 
=4- (4c,T + 4c? )+(4aT + 4e# ) 
-13 
"14 
(A. 19) 
(A.20) 
Using (A. 16) and (A.20),<? (/? = !;<? = 1,..,4) and <9 (p = l;r = l,2,..,ne), ne = 8, can be related 
as: 
C11 "(»T 0 0 0 ~ K n  - K 2 i  ^13 
C12 •=^ 0 (m')2 0 0 ~ K n  ~ K 2 2  ^ y 014 
C13 0 0 u 0 ~ C l l  - C 2 1 Gi,/^ 821/%' 015 
CM 0 0 0 u - C n  
-Qz Gn/w' 822/%'. 016 
0, 11 
0 12 
#,7 
1^18 
(A.21) 
Similarly c p q (p  =  2; <? = !,..,4) elements of are given as: 
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c„ = 4 - (À,*,? + 4*2? )++ 4,< ) 
= 4 -(4AT +4,*:? )+M? +4-P/f) 
= ê2, - (s25c,f + ê26c» )+ (ê„e,f + 4e? ) 
c24 = 4 - (ê2,c,f + ê2„c? )+ (4,8# + ) 
'22 
-23 
(A.22) 
Using (A.16) and (A.22),c (p = 2;q = l,..,4) and 6 (p = 2\r = \,2,..,ne), ne= 6, can be related 
as: 
C21 
C22 
^23 
II 
_^24. 
( u f  0 0 0 ~ K n  
~
K 2 l  
0 («T 0 0 - K l 2  
~
K 2 2  
0 0 / U 0 
~
C l l  -C2! 821/w' 
0 0 0 u ~Cl2 — C22 812 A' 822/w'. 
e 21 
22 
23 
24 
25 
26 
27 
28 
(A.23) 
Equations (A.21) and (A.23) can be represented as (A.7) and (A. 10), respectively. 
Rational function coefficients and the lag terms can be derived from the elements 
0pr(p = 1,2;r = 1,2,..,ne) using the following relations: 
AlA2 — A4 - (j, l{u)2 ; Al + A2 = A3 - (72 /(«') 
(A, )„ = 017 ; (Ai X2 = ^ i8 ; (A0 )h = 0i5 - 4 (ii )n ; (A0 \2 = 0m - 4 (A )12 
(A.24) 
(A.25) 
A 4 
î î 1(013 ~ A 3 ( A 0 ) n  —  ^ 4 ( a ,  ) j j  )J 
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G.2 
( & n  - â 4 ( A 0 ) ] 2 )  I  
(#14 ~ A (Ao )l2 _ K (Al ),2 )[ 
(Al )21 ^27 ' (Al )z2 ^28 ' (Ao )?! ^25 ^3 (Al )2l ' (Ao )22 ^26 ^3 (Al )22 
(A.26) 
(A.27) 
^2 ^ 
1 1 
(^21 - A (Ao L ) 
_^22 J [(023 ^(Ao)21 Aa(A{ )2] )f 
Â2 A, 
1 1 
' 21  (022 ~ ^4 (Ao )22 ) 
Pl2 J 1(024 ~ ^ 3 (Ao )22 ~ K (Al )22 )j 
(A.28) 
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Figure Captions 
Figure 1. Three-DOF elastic suspension system with streamlined bridge deck model 
Figure 2. Measurement of fluctuating pressure: (a) pressure transducer; (b) pressure taps on section model; 
(c) data acquisition for wind tunnel testing 
Figure 3. Numerical simulation of RFA using E2RFC method: (a) 1-DOF testing, Qll, (b) 2-DOF testing, Q11, 
(c) 2-DOF testing, Q12, (d) 2-DOF testing, Q21, (e) 2-DOF testing, Q22 
Figure 4. Fluctuating lift force for 1-DOF testing: 
(a) Lift force for U= 9.55 m/sec, (b) Lift force for U= 11.06 m/sec, 
(c) Power spectrum of lift force for U= 9.55 m/sec, 
(d) Power spectrum of lift force for U= 11.06 m/sec 
Figure 5. Fluctuating lift force for 2-DOF testing: (a) U=8.13 m/sec, (b) U=9.55 m/sec, (c) U=11.06 m/sec 
Figure 6. Fluctuating moment for 2-DOF testing: (a) U=8.13 m/sec, (b) U=9.55 m/sec, (c) U=11.06 m/sec 
Figure 7. Power spectrum of fluctuating lift force and moment for 2-DOF testing: 
(a) Lift, U= 8.13 m/sec, (b) Lift, U= 9.55 m/sec, (c) Lift, U= 11.06 m/sec, 
(d) Moment, U= 8.13 m/sec, (e) Moment, U- 9.55 m/sec, (f) Moment, U= 11.06 m/sec. 
Figure 8. Experimental Rational Function Approximation (E2RFC for 1-DOF testing): 
(a) Experimental RFA- Qll, 
(b)Vertical flutter derivatives (HI*, H4*) from experimental Rational Function Coefficients 
Figure 9. Experimental Rational Function Approximation (E2RFC for 2-DOF testing): 
(a) Qll, (b) Q12, (c) Q21, (d) Q22 
Figure 10. Vertical flutter derivatives obtained from experimental Rational Function 
Coefficients (2-DOF testing) 
Figure 11. Torsional flutter derivatives obtained from experimental Rational Function 
Coefficients (2-DOF testing) 
Table Captions 
Table 1. Comparison of flutter speed and frequency obtained from experimental flutter derivatives and 
numerically simulated RFA 
Table 2. Comparison of flutter speed and frequency obtained from experimental flutter derivatives and 
experimentally obtained RFA 
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Table 1. Comparison of flutter speed and frequency obtained from experimental flutter derivatives and 
numerically simulated RFA 
Flutter 
Parameter 
Flutter Derivative 
(Frequency 
Domain) 
MS_RFA 
(Time Domain) 
Numerical 
Simulation 
RFA 
(Time Domain) 
Percentage Error 
of Time Domain 
(MS_RFA) 
over Frequency 
Domain 
Flutter Speed, 
Ucr (m/sec) 
32.42 31.84 31.79 1.79% 
Flutter 
Frequency, 
tr (Hz) 
3.78 3.75 3.77 0.79% 
Table 2. Comparison of flutter speed and frequency obtained from experimental flutter derivatives and 
experimentally obtained RFA 
Flutter 
Parameter 
Flutter Derivative 
(Frequency Domain) 
Experimental RFA 
(Time Domain) 
Percentage Error of Time Domain 
over Frequency Domain 
Flutter Speed, 
Ucr (m/sec) 
22.89 22.15 3.23 % 
Flutter 
Frequency, 
fer (HZ) 
2.98 2.93 1.68% 
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Figure 1. Three-DOF elastic suspension system with streamlined bridge deck model 
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(c) 
Figure 2. Measurement of fluctuating pressure: (a) pressure transducer; (b) pressure taps on section model; 
(c) data acquisition for wind tunnel testing 
143 
Numerical Simulation ;of RFA, Q11 (Ve%$l DOF Case) 
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Figure 3. Numerical simulation of RFA using E2RFC method: (a) 1-DOF testing, Qll, (b) 2-DOF testing, Qll, 
(c) 2-DOF testing, Q12, (d) 2-DOF testing, Q21, (e) 2-DOF testing, Q22 
Figure 3. (continued) 
Figure 3. (continued) 
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Fluctuating Lift Force at U = 9.55 m/sec (Vertical DOF Case) 
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Fluctuating Lift Force at U = 11.06 m/sec (Vertical DOF Case) 
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Figure 4. Fluctuating lift force for 1-DOF testing: (a) Lift force for U= 9.55 m/sec, 
(b) Lift force for U= 11.06 m/sec, (c) Power spectrum of lift force for U= 9.55 m/sec, 
(d) Power spectrum of lift force for U= 11.06 m/sec 
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Fluctuating Lift Force at U = 8.13 m/sec (Vertical-Torsional DOF Case) 
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Figure 5. Fluctuating lift force for 2-DOF testing: (a) U=8.13 m/sec, (b) U=9.55 m/sec, (c) U=11.06 m/sec 
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Fluctuating Lift Force at U = 11.06 m/sec (Vertical-Torsional DOF Case) 
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Figure 5. (continued) 
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Fluctuating Moment at U = 8.13 m/sec (Vertical-Torsional DOF Case) 
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Fluctuating Moment at U = 9.55 m/sec (Vertical-Torsional DOF Case) 
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Figure 6. Fluctuating moment for 2-DOF testing: (a) U=8.13 m/sec, (b) U=9.55 m/sec, (c) U=11.06 m/sec 
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Fluctuating Moment at U = 11.06 m/sec (Vertical-Torsional DOF Case) 
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Figure 6. (continued) 
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Power Spectrum of Fluctuating Lift Force (Verticai-Torsional QQF-Case, U =8,13 m/sec) 
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Figure 7. Power spectrum of fluctuating lift force and moment for 2-DOF testing: 
(a) Lift, U- 8.13 m/sec, (b) Lift, U= 9.55 m/sec, (c) Lift, U= 11.06 m/sec, 
(d) Moment, U= 8.13 m/sec, (e) Moment, U= 9.55 m/sec, (f) Moment, U= 11.06 m/sec. 
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8 ~~i ""J"1"* i — r 
4 6 8 
Frequency, Hz 
(d) 
Figure 7. (continued) 
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Power Spectrum of Fluctuating Moment (Vertical-Torsional DOF Case, U =9 55 m/sec} 
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Figure 7. (continued) 
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Figure 8. Experimental Rational Function Approximation (E2RFC for 1-DOF testing): 
(a) Experimental RFA- Qll, 
(b)Vertical flutter derivatives (HI*, H4*) from experimental Rational Function Coefficients 
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Figure 9. Experimental Rational Function Approximation (E2RFC for 2-DOF testing): 
(a) Qll, (b) Q12, (c) Q21, (d) Q22 
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Figure 9. (continued) 
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Figure 10. Vertical flutter derivatives obtained from experimental Rational Function 
Coefficients (2-DOF testing): (a) HI*, (b) H2*, (c) H3*, (d) H4* 
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Figure 10. (continued) 
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Figure 11. Torsional flutter derivatives obtained from experimental Rational Function 
Coefficients (2-DOF testing): (a) Al*, (b) A2*, (c) A3*, (d) A4* 
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Figure 11. (continued) 
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CHAPTER 6. GENERAL CONCLUSIONS 
GENERAL DISCUSSION 
The current research work encompasses the development of a novel three-DOF 
suspension system for the wind-tunnel section model study, development and application of a 
new system identification method (ILS method) for extracting all the eighteen flutter 
derivatives of a section model, and the development and application of another new system 
identification technique (E2RFC method) to directly extract the Rational function 
coefficients for a section model from wind tunnel testing. 
Elastic Suspension System 
A three-DOF elastic suspension system has been developed for wind tunnel testing of 
section models. The suspension system enables simultaneous vertical, horizontal, and 
torsional motion of a suspended section model and captures the effect of coupling between 
different degree-of-freedom of a structure subjected to wind loading. The system utilizes 
pneumatic bushings that glide along polished steel shafts in the vertical and horizontal 
directions of motion. Torsional assemblies are used to generate torsional motion of the 
model. Force measurement is accomplished with compact strain-gage type force transducers 
that allow precise placement for accurate measurements. Digital pressure transducers are 
used for measuring the fluctuating surface pressure on the model. 
The versatility of the three-DOF elastic suspension system remains in the fact that all 
possible DOF combinations could be tested in the wind tunnel, for example, three different 
sets of two-DOF testing, namely, vertical-torsional, vertical-lateral, and lateral-torsional, can 
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be performed to extract all the eighteen flutter derivatives for a section model. The 
functionality of the elastic suspension system has been successfully demonstrated by the 
extraction of flutter derivatives and Rational function coefficients that are needed for 
frequency-domain and time-domain flutter analysis of flexible structures, respectively. 
Extraction of Eighteen Flutter Derivatives for Frequency-Domain Flutter 
Analysis of Flexible Structures 
Work in the field of identifying all the eighteen flutter derivatives for a section model 
has been limited. This motivated the development of the Iterative least squares method or 
ILS method to efficiently extract all the eighteen flutter derivatives. Numerical simulations 
demonstrated the efficiency of the ILS method. The numerical simulations showed that the 
ILS method was capable of generating good parameter estimates for one and two-DOF 
testing with high noise-to-signal ratio and for three-DOF testing with moderate noise-to-
signal ratio. It is recommended to perform three different sets of two-DOF testing namely, 
vertical-torsional, vertical-lateral, and lateral-torsional, instead of three-DOF testing for 
accurate extraction of all the eighteen derivatives for a section model. 
Eighteen flutter derivatives for an airfoil section model and a streamlined bridge deck 
model were extracted using ILS method. The accuracy of a particular flutter derivative was 
determined by matching the results obtained from different DOF combinations. Trends of the 
flutter derivatives coincided when obtained from more than one set of DOF combination. The 
vertical and torsional flutter derivatives (HI*, H2*, H3*, H4*, Al*, A2*, A3*, A4*) for the 
airfoil and bridge deck had similar trends. Also comparison with the two-DOF flutter 
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derivatives of Tsurumi bridge deck section model showed that the trends were similar for 
both bridge models. 
Flutter derivatives related to the lateral DOF have been emphasized in the current 
research. The lateral derivative PI* for the current bridge deck, which represents the 
aeroelastic damping along the lateral direction, had a comparatively steeper slope than that of 
the airfoil suggesting that higher lateral damping was associated with the bridge deck model 
as compared to the airfoil model. Unlike airfoil model case, distinct trend was noted for P4* 
of the bridge model, which represents the aeroelastic stiffness along the lateral direction, 
suggesting a monotonie increase in aeroelastic stiffness or frequency with wind speed. For 
other lateral derivatives, similar trends were noted for airfoil and current bridge deck. 
Pseudo-steady formulation for PI*, P2*, P3*, P5*, H5*, A5* were discussed. Bridge 
deck flutter derivatives, both experimentally obtained and based on pseudo-steady theory, 
were compared to validate the pseudo-steady formulation. 
Direct Extraction of Rational Function Coefficients for Time-Domain Flutter 
Analysis of Flexible Structures 
A new system identification technique, namely, Experimental extraction of Rational 
function coefficients or E2RFC method, has been developed for directly extracting the 
Rational function coefficients from wind tunnel testing. This direct method eliminates the 
need for extraction of flutter derivatives and eventual approximation of aeroelastic forces by 
Rational functions. The E2RFC formulation requires testing of the model at fewer numbers 
of velocities which may lead to significant reduction in time and resources associated with 
extraction of flutter derivatives and using that data for Rational function approximation. 
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Flutter derivatives, if needed, can be generated from the experimentally obtained Rational 
function coefficients, thus avoiding the testing of a section model at several wind speeds 
which is the usual way of determining the derivatives directly from free vibration studies. 
However, caution needs to be exercised to use flutter derivatives obtained indirectly from 
RFA coefficients for bluff sections. 
Successful numerical simulation of E2RFC formulation with two lag terms was 
presented. Good agreement between the MS-RFA and numerically simulated RFA 
emphasizes the adequacy of the E2RFC technique in generating the Rational function 
coefficients from moderately low noise contaminated aeroelastic force time histories and 
corresponding displacements. Rational function coefficients associated with one lag term 
formulation was experimentally extracted for a streamlined bridge deck section model. 
Experimental RFA results for Qll, Q12, Q21, Q22, were plotted along with those obtained 
from the flutter derivatives. 
Section model flutter analysis results were furnished to compare between frequency 
domain, MS-RFA, and experimental RFA (E2RFC) approaches. One lag term formulation 
for a streamlined bridge deck section model was found to be adequate for generating 
reasonably accurate flutter speed and flutter frequency. 
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RECOMMENDATIONS FOR FUTURE RESEARCH 
Current research involved experimental extraction of Rational function coefficients 
associated with one lag term formulation for a streamlined bridge deck section model. 
However, successful numerical simulation of E2RFC formulation with two lag terms showed 
the possibility of experimentally extracting Rational function coefficients associated with a 
formulation that involves more than one lag term. Thus future research should attempt for 
experimental extraction of Rational function coefficients through E2RFC formulation for 
more than one lag term. The extraction of Rational function coefficients involving more lag 
terms can be made possible by: (1) reducing the noise level in the aeroelastic force data by 
using better numerical integration techniques or pressure transducers with high resolution 
and sampling rates, (2) installing proper triggering system to accurately capture the initiation 
of the aeroelastic forces with the displacements. 
However, it should be noted that for LS-RFA and MS-RFA formulation, the 
aeroelastic forces are approximated using Rational functions of Laplace variable. In these 
formulations, incorporation of more than one lag term is practiced for achieving better 
approximation of the unsteady aerodynamic forces. But for the E2RFC formulation (with one 
or more lag term), the actual aeroelastic forces generated during vibration are experimentally 
captured and are used for extracting Rational function coefficients. Thus, even one lag term 
formulation can be adequate for generating the Rational function coefficients required for 
performing accurate time-domain flutter analysis. In E2RFC formulation, addition of more 
lag terms may not prove be as effective as it is for LS-RFA and MS-RFA method where 
aeroelastic forces in frequency domain are closely approximated by Rational functions and 
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number of lag term plays an important role in determining the accuracy of such 
approximation by curve fitting. 
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